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Abstract 

We will investigate the intersection of the normal operators with the 
closure of the nilpotent operators in various C*-algebras. A complete 
characterization will be given for type I and type III von Neumann al- 
gebras with separable predual and for unital, simple, purely infinite C*- 
algebras. Some restrictions that prevent normal operators from being lim- 
its of quasinilpotent operators will be given. The case of AF C*-algebras 
will be of particular interest. In addition, the closure of the span of the 
nilpotent operators and the distance from a projection to the nilpotent 
operators of various C*-algebras will be examined. 

1 Introduction 

In the C*-algebra of all n x n matrices with complex entries, the set of nilpotent 
operators (all operators T such that T k = for some k £ N) coincides with 
the set of all quasinilpotent operators (all operators T such that the spectrum 
of T is {0}; note every nilpotent operator is automatically quasinilpotent) and 
is closed in the operator topology. However, in the case of the bounded linear 
maps on a complex, separable, infinite dimensional Hilbert space, the set of 
nilpotent operators and quasinilpotent operators differ and are not closed in the 
operator topology. In Problem 7 of [Hal] , Halmos posed the question, "Is every 
quasinilpotent operator on a complex, separable, infinite dimensional Hilbert 
space the norm limit of nilpotent operators?" An affirmative answer to this 
question was first given in |AVj . a subsequent proof was given in [AS] , and a 
simpler proof was given in [AFP] . 

However, Halmos realized that his question was 'wrong' in the sense that 
there are non-quasinilpotent operators on a complex, separable, infinite dimen- 
sional Hilbert space in the closure of the nilpotent operators. This led to the 
question, "What is the closure of the nilpotent operators on a complex, sepa- 
rable, infinite dimensional Hilbert space?" A complete characterization of the 
closure of the nilpotent operators was first given in [AFVj : 
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Theorem 1.1 ( [AF Vj ) ■ Let T-L be a complex, separable, infinite dimensional 
Hilbert space and let T be a bounded linear operator on %. Then T is a norm 
limit of nilpotent operators if and only if the following conditions are satisfied: 

1. The spectrum ofT is connected and contains zero. 

2. The essential spectrum of T is connected and contains zero. 

3. The Fredholm index of XI — T is zero for all X G C such that XI — T is 
semi-Fredholm. 

A significant amount of work on this problem was done by Herrero (see |He2] , 
|He3| . and |He4] ) . In particular, before [AF Vj . Herrero proved the following 
interesting result that is a specific case of Theorem 11.11 

Theorem 1.2 (Theorem 7 of [Hc2 ). Let N be a normal operator on a com- 
plex, separable, infinite dimensional Hilbert space %. Then the following are 
equivalent: 

1. N is a norm limit of nilpotent operators on T~L. 

2. N is a norm limit of quasinilpotent operators on T~L. 

3. The spectrum of N is connected and contains zero. 

Another interesting proof of Theorem 11.21 was given in [Had] . For an excellent 
summary of the above work, see [Helj and [3FHV . 

The above work raises an interesting question: "Given an arbitrary C*- 
algebra 21, what is the closure of the nilpotent and quasinilpotent operators of 
21?" Although the GNS construction implies 21 can be embedded faithfully into 
the bounded linear maps on a Hilbert space, Theorem 11.11 does not provided 
the answer to this question as the image of 21 need not contain the necessary 
nilpotent or quasinilpotent operators. However, a solution to this question can 
be easily obtained in several particular cases. For example, this question is 
easily solved for abelian C*-algebras (which have no non-trivial quasinilpotent 
operators). In addition, this problem has already been solved for the Calkin 
algebra (see Theorem 5.34 of [Helj ). Moreover, using the semicontinuity of the 
spectrum, the following result is easily obtain for arbitrary C*-algebras: 

Lemma 1.3. Let 21 be a C* -algebra and let T € 21 be a limit of quasinilpotent 
operators from 21. Then the spectrum of T is connected and contains zero. 

Proof. If {Af„}„>i C 21 are quasinilpotent operators such that T = limn-^ M n , 
then, as the spectrum of each M n is {0}, zero must be an element of the spectrum 
of T since the set of invertible elements of 21 is an open set. If the spectrum of T 
was not connected, it would have two non-empty relatively open/closed subsets. 
However T = lim„_>. 00 M n implies that, for sufficiently large n, the spectrum of 
M n must contain elements in two disjoint open neighbourhoods whose union 
contains the spectrum of T; an obvious contradiction. □ 
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Due to the elegance of the work of Herrero, perhaps a better question is, 
"Given an arbitrary C* -algebra 21 and a normal operator N € 21, can simple 
conditions be given to determine whether N is a norm limit of nilpotent or 
quasinilpotent operators?" For example, it is easy to see by Lemma 1X731 that the 
only normal, compact operator that is a limit of quasinilpotent operators is the 
zero operator. 

In this paper we will investigate when a normal operator in a C*-algebra 
is a limit of nilpotent or quasinilpotent operators for various classes of C*- 
algebras. We will give a complete answer to this question for unital, simple, 
purely infinite C*-algebras (Section 2) and for type I and type III von Neumann 
algebras with separable predual (Section 3). Sections 4 and 5 will provide several 
restrictions and non-trivial examples where normal operators fail to be limits 
of quasinilpotent operators. In Section 6 we will investigate this question in 
the class of AF C*-algebras where some very surprising results are obtained 
that provide information about how a sequence of normal matrices in matrix 
algebras of increasing size can asymptotically tend to nilpotent matrices. In 
Section 7 we will provide a partial result to this question in type II factors. 
In Section 8 we will generalize a construction due to Read to give example an 
example of a separable, nuclear, quasidiagonal C*-algebra where every operator 
is in the closure of the nilpotent operators. We will investigate the closure of 
the span of nilpotent operators in Section 9 and the distance of an arbitrary 
projection to the nilpotent operators in Section 10. Finally we will finish with 
some interesting questions in Section 11. 

Notation 1.4. The following will be the notation used throughout the paper. 

• H - a complex, separable, infinite dimensional Hilbert space. 

• B(H) - the C*-algebra of all bounded linear maps on TL. 

• A4 n (2i) - the C*-algebra ofnxn matrices with entries in a C*-algebra 21. 

• M. - the C*-algebra of compact operators on a complex, separable, infinite 
dimensional Hilbert space. 

• 7Vor(2l) - the set of normal operators of a C*-algebra 21. 

• 2l sa - the set of self-adjoint operators of a C*-algebra 21. 

• 21+ - the set of positive operators of a C*-algebra 21. 

• Nil(%) - the set of nilpotent operators of a C*-algebra 21. 

• QuasiN - the set of quasinilpotent operators of a C*-algebra 21. 

• 21 - the unitization of a non-unital C*-algebra 21. 

• alg(Ti, . . . ,T n ) - the (not necessarily unital nor self-adjoint) algebra gen- 
erated by Ti, . . . , T n . 

• <j(T) - the spectrum of an operator T . 
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• 2l _1 - the set of invertible operators of a unital C*-algebra 21. 

• 21q 1 - the connected component of the identity in 2l _1 . 

• dist(A, B) - the distance between two sets A and B in a normed linear 
space. 

• diag{a\, . . . , a n ) - the n x n diagonal matrix with ax, . . . ,a n along the 
diagonal. 

• D - the open unit disk. 

2 Purely Infinite C*-Algebras 

In this section we will prove our main result, Theorem 12.81 which completely 
classifies when a normal operator in a unital, simple, purely infinite C*-algebra 
is a norm limit of nilpotent and quasinilpotent operators. The main tools of the 
proof are the existence and equivalence of projections in unital, simple, purely 
infinite C*-algcbras and Lemma |2. II which gives positive matrices of norm one 
that are asymptotically approximated by nilpotent matrices as we allow the size 
of the matrices to increase. In fact, in the case that 21q 1 = 2l _1 , the conditions 
of Theorem 12.81 are identical to the conditions of Theorem 11.21 This is not a 
surprise as the proof of Theorem l2.8l relies only on Lemma |2. II and the structure 
of the projections in a unital, simple, purely infinite C*-algebra. In fact, the 
proof of Theorem 12.81 can be adapted to prove Theorem 11.21 

For completeness we include an outline of the following previously known 
result. 

Lemma 2.1 (See A1.14 in [AFH Vj ) ■ For each n G N there exists a positive 
matrix A n £ A4 n (C) with norm one such that lim„_ i . 00 dist(A n , Nil(A4 n (C))) = 
0. 

Proof. Let Q' n := YTjZl j«£ G M n (C) where q n G M n (C) is the nilpotent 
Jordan block of order n. It was shown in |Kaj that ||i?e(Q^)|| < w. If Q n '■= 
^Q' n G M n (C) and H n := Re{Q n ) G M„(C), then, by [Kaj, -J„ < H n < I„, 
Q n G Nil(M n (C)), 



\H n \\ - 1| < ^L, and \\H n - Q n \\ < 



21n(n)' 11 " " 21n(n)' 

By normalizing each H n , we obtain self- adjoint matrices B n G M n (C) with 
norm one such that 

lim dist(B n ,Nil(M n (C))) = 0. 

71— ^OO 

For each n G N let A n :— B n . Hence A n G yVf„(C) is a positive matrix with 
norm one. Since the square of any nilpotent matrix is a nilpotent matrix, it is 
easy to obtain 

lim dist(An, Nil(M„(C))) =0 
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as desired. □ 

Although the following two results are not required for the proof of Theorem 
12.81 we include them here for completeness and for later discussions. 



Lemma 2.2. Let 21 be a G* -algebra and let A G 21+ . Suppose a (A) = {0 
Ao < Ai < • • • < Afe}. Then 

dist(A,QuasiNil(QL)) > — max |A<j — A,_i|. 

2 l<i<k 

Proof. Choose xq, yo G cr{A) U {0} such that \xq — yo\ — maxi<i<k |A^ — Aj_) 
Then it is easy to find a Cauchy domain Q such that ^ f2 and 



inf { || {XI -A)- 1 1| 1 | A G 5fl} = - 



xo ~ Vol 



An application of the Analytic Functional Calculus for Banach Algebras implies 
that if M G 21 is such that 

||j4-M|| < inf 1 1| {XI- A)- 1 | A G 5fl} 

then a(M) n O ^ (see Theorem 1.1 of |Helj ). As f and the spectrum of 
any quasinilpotent operator is {0}, the result trivially follows. □ 

Corollary 2.3. Let {A n } n >i be the positive matrices of norm one from Lemma 
\2.1\ For every m G N there exists an N m e N such that a(A n ) n ^) ^ 
/or a/Z k G {0, 1, . . . , m — 1} and for all n > N m . That is, the spectrum of the 
A n 's is asymptotically dense in [0, 1]. 

Proof. Since linin^oo dist{A n , Nil{j\4 n {C))) = by Lemma EOl Lemma l2~2"l im- 
plies limn^oo dist{a(A n ), 0) = and the distance between adjacent eigenvalues 
(when arranged in increasing order) of each A n tends to zero as n tends to 
infinity. Hence the result easily follows. □ 

We will require the use of the following trivial result in the proof of Theorem 



Lemma 2.4. Let 21 be a C* -algebra, let N G Nor{%), let {N n ) n >i be a sequence 
of normal operators o/2l such that N — linin^oo N n , and let U be an open subset 
ofC such that UC\a{N) / 0. Then there exists an k G N such that a{N n )(~]U ^ 
for all n > k. 

Proof. Fix A G U Pi cr{N). By Urysohn's Lemma there exists a continuous 
function / on C such that f\ v . = yet /(A) = 1. Note f{N) = lim„_>oo f{N n ) 
by standard functional calculus results. If a{N n ) n U = for infinitely many 
n, then f{N n ) — for infinitely many n yet f(N) ^ by construction. This is 
clearly a contradiction. □ 
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Now we will prove Theorem l2.8l for positive operators. Although Proposition 
12.51 is not required to prove Theorem 12.81 the proof of Proposition 12.51 contains 
all the conceptual difficulties and technical approximations thus easing in the 
comprehension of Theorem 12.81 

Proposition 2.5. Let 21 be a unital, simple, purely infinite C* -algebra and let 
A G 21+ . Then the following are equivalent: 

1. a g mu^j. 

2. Ae QuasiNil(%). 

3. The spectrum of A is connected and contains zero. 

Proof. Clearly 1) implies 2) and 2) implies 3) is trivial by Lemma IT751 We shall 
demonstrate that 3) implies 1). 

Suppose the spectrum of A is connected and contains zero and let e > 0. 
Since 2t is a unital, simple, purely infinite C*-algebra, 21 has real rank zero (see 
Theorem V.7.4 of [DaJ. Thus there exists scalars = a n < a„_i < . . . < 
ai = and non-zero orthogonal projections P^\...,P^' G 21 such that 
\\A - Ai\\ < e where 

k=l 

Moreover, since the spectrum of A is connected, we may also assume that 

max |afe+i - dfcl < e 
l<fe<n-i 

by Lemma l2.4l The idea behind the remainder of the proof is to systematically 
remove the largest eigenvalue of A\ by approximating with a nilpotent operator. 

By Lemma [2.11 there exists an £ G N, a positive matrix T\ G Aie(C) with 
||7i|| = ax, and a nilpotent matrix Mi G Me(C) such that ||Ti-Mi|| < 
e. In addition, by a small perturbation, we may assume that the geometric 
multiplicity of the eigenvalue a\ of T\ is one. For each k G {2, ...,n} let 
Ai,fc, A2 i fc, . . . , A^ci) k be the spectrum of cr(Ti) contained in [a^, a^-i) counting 

multiplicity (where zero intersection is possible). Since 21 is a unital, simple, 
purely infinite C*-algebra, P^ is a properly infinite projection so there ex- 
ists orthogonal projections R^i' • • • ' -^^(l) fe sucn that Y^j^i Rjl — ^fe^- 

However, since 21 is a unital, simple, purely infinite C*-algebra, P^ is equivalent 
to a proper subprojection Q^l of every R^ k . 
For k € {2,...,n} let 
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(where the empty sum is the zero projection). Therefore, if 

n / m i ' \ n 

a[ ■.= fll jf J +E a * E and ^ : = £ 

then Aj and A 2 are self-adjoint operators such that A\ = A\ + Ai- Notice 
if p(2) := J2k =2 Pk ] thcn p{2) 

is a non-trivial projection such that A 2 £ 
p(2) a p(2) and A > x e (j a _ p(2)) 21 (Jjj - p(2)). Thus the proof will be com- 
plete if we can demonstrate that A[ is within 2e of a nilpotent operator from 
(/a — P^ 2 )) 21 (/a — P 1 - 2 - 1 ) and A2 is within 2e of a nilpotent operator from 
p( 2 )2lP (2) . 

Recall p(2)2ip( 2 ) and (j a - P^) 21 (7<a - P (2) ) are both unital, simple, 
purely infinite C*-algebras. Moreover, if 

A'/ := ai P« +EE ^3,kQfl e (la - P^) 21 (/« - P< 2) ) 

k=2 j=l 

then 1 1 A" — A^|| < e by the assumption that maxi<i< n _i |&/c+i — a>k\ < £• Since 

is a set of orthogonal, equivalent projections in (la — P^) 21 (la — P^), we 
can use the partial isometries implementing the equivalence to construct a ma- 
trix algebra with these projections as the orthogonal minimal projections. More- 
over, by construction, inside this matrix algebra A" has the same spectrum as 
T\ (including multiplicity) so A" can be approximated with the analog of Mi 
inside (l% — P^ 2 ') 21 (l% — P^ 2 '). Hence A[ is within 2e of a nilpotent operator 
from (7a-P (2) )2t(/a-P (2) ). 

To approximate A2 with a nilpotent operator from p( 2 )2ip( 2 ) j we repeat the 
same argument with a positive matrix T2 of norm 02 . Due to the nature of the 
above approximations, the above process gives a non-trivial projection P^ < 
P^ 2 ' and a positive operator A3 of p( 3 )2lP( 3 ' with spectrum {03, 04, . . . , a n } 
such that A 2 - A 3 e (P (2) - P (3) ) 21 (P (2) - P (3) ) can be approximated within 
2e of a nilpotent operator from (P^ 2 ) — P' 3 )) 21 (P^ 2 ' — P( 3 )). By repeating this 
process ad nauseum, we can write A\ as a finite direct sum of positive matrices 
each within 2e of a nilpotent matrix from the respective matrix algebra. Hence 
A\ is within 2e of a nilpotent operator from 21 and thus A is within 3e of a 
nilpotent operator from 21. □ 

In order to adapt the proof of Proposition 12.51 to normal operators, it is 
necessary to be able to approximate said operators with normal operators with 
finite spectra. This difficult work has already been completed by Lin. 
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Theorem 2.6 (Theorem 4.4 of [Li2 ). Let 21 be a unital, simple, purely infi- 
nite C* -algebra and let N G Nor(Ql). Then N can be approximated by normal 
operators with finite spectra if and only if XI — N G Vl^ 1 for all A G C \ cr(N). 

It turns out that the condition 'XI — N G SIq" 1 for all A G C \ o"(A)' is a 
necessary condition for a normal operator to be a limit of nilpotent operators. 



Lemma 2.7. Let 21 be a unital C* -algebra and let T G QuasiNil($[). Then 
XI -T G 21q 1 for all X G C\ cr(T). 

Proof. If M G QuasiNil(%) then A/ - is invertible for all A G C \ {0} and 
for all t G C. Therefore XI - M G % 1 for all A G C \ {0}. 

If T G QuasiNil(^i) then G <x(T) by Lemma O As % 1 is closed in the 
relative topology on St -1 , XI - T G 21q 1 for all A G C \ <r(T). □ 

With Lemma 12.71 giving another necessary condition for a normal operator 
to be a limit of nilpotent operators, we can now address our main theorem. 



Theorem 2.8. Let 21 be a unital, simple, purely infinite C* -algebra and let 
N G N or (21). Then the following are equivalent: 



1. N G Nil(%). 



2. N G QuasiNil{%). 

3. G a(N), a(N) is connected, and XI - N G 21^ 1 /or all XeC\ a(N). 

Proof. Clearly 1) implies 2) and 2) implies 3) is trivial by Lemma lLBI and Lemma 
12.71 We shall demonstrate that 3) implies 1). As the approximations contained 
in the proof are identical to those used in Proposition 12.51 we will only outline 
the main technique and omit the approximations. 

Suppose G o-(N), a(N) is connected, and XI— N G St^ 1 for all A G C\a(N). 
Fix e > and for each (n, m) G I? let 



B n 



en 



e e 
— , en H — 
2' 2 



, em - 



c C. 



By Theorem 12 .61 there exists a normal operator N e with finite spectrum such 
that || AT — N t \\ < e. For each (n,m) G Z 2 we label the box B nm relevant if 
cr(N e ) n B n>m ^ and we label the box B n ^ m irrelevant if <r(N e ) (1 B n m = 0. 
Since a(N) is connected, we may assume (via Lemma [2^4)) that the union of all 
relevant B n . m is a connected set and -Bo,o is relevant. By a perturbation of at 
most e, we can assume that <r(AT e ) is precisely the centres of all relevant boxes 
and HAT -AT e || < 2e. 

As in the proof of Proposition ^. 51 we will progressively remove the relevant 
boxes from the spectrum of N e by approximating by a nilpotent operator on a 
direct summand of 21. However care is needed in how we remove the boxes. If 
the only relevant box is B we can stop. Otherwise we label a relevant box 
bad if its removal disconnects the union of the relevant boxes or it is Bq q and 
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we label a relevant box good if it is not bad. Elementary graph theory implies 
that at least one box is good. 

Let B no ^ mo be a good, relevant box. Since the union of the relevant boxes is 
connected, there exists a continuous path 7 : [0, 1] — > C that connects to eno + 
iemo whose image lies in the union of the relevant boxes. By Lemma 12.11 and 
since 7 can be approximated uniformly by a polynomial that vanishes at zero, 
there exists an i £ N, a normal operator Ng £ Mg(C), and a nilpotent Mi S 
Mg(C) such that the spectrum of Ng is contained within an e-neighbourhood of 
the union of relevant boxes and \\Ng — Mg\\ < e. By perturbing the eigenvalues 
of Ng by at most 4e, we can assume that the spectrum of Ng is precisely a subset 
of the centres of relevant boxes, the multiplicity of eno + iemo is precisely one, 
and \\Mg - Ng\\ < 5e. 

For each (n, m) £ Z 2 let P„ jm be the spectral projection of N € for the box 
B n . m - Using P na .m as a main projection, for each other (n, m) £ 1? such that 
en + iem is in the spectrum of Ng we can find the algebraic multiplicity of the 
eigenvalue en + iem of Ng many orthogonal subprojections of P n , m whose sum is 
strictly less that P n , m and each of which is equivalent to P no ,m - Thus, as in the 
proof of Proposition l2.5[ we can find a projection Pi £ 21 such that Pi commutes 
with N € , P\N e P\ can be approximated by a nilpotent in Pi2lPi within 6e, and 
(/ — Pi)N e (I — Pi) has the same spectrum as N e minus en® + iemo. 

By our selection of (no, mo), the union of the relevant P„ jm for (/— Pi)7V e (J— 
Pi) is connected and contains Po,o- Thus, by repeating the above process ad 
nauseum, we obtain a nilpotent operator M £ 21 such that \\N — M\\ < 8e. 
Hence the result follows. □ 

To conclude this section we note that the following can easily be proved 
using the techniques illustrated above. 

Lemma 2.9. Let 21 be a united, simple C* -algebra and let N £ Nor(Ql) be 
such that cr(iV) is connected and contains zero. If N — lmin^oo J^fclTi a fe,nPc,n 
where ak, n £ C and Pk >n are infinite projections with Y^k=i Pk,n = 1% then 
N £ Nil{%). 

Proof. The conditions that 21 is simple and the projections are infinite imply 
that the projections are properly infinite (see Theorem V.5.1 of [Da]) and every 
projection is equivalent to a subprojection of any infinite projection (see Lemma 
V.5.4 of |Daj ). Thus the process used above works (where we note the small 
technical detail that, when removing one projection from the sum, we can still 
take the differences containing the other projections to be infinite by showing 
that they containing a subprojection equivalent to the original Pk, n by Theorem 

v.5.1 of us]). □ 

3 Type I and III von Neumann Algebras 

Although thus far we have been able to complete classify when a normal operator 
in a C*-algebra is a norm limit of nilpotent or quasinilpotent operators based 
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on the spectrum of the operator, this is not in general true for type loo von 
Neumann algebras. Indeed consider £oo[0, 1]®B(H) — £oo([0, 1], 13(H)) and the 
operator f(t) — tl. Then / is a self-adjoint operator with u(f) = [0,1]. If / 
were the limit of nilpotent operators then f(t) would be the limit of nilpotent 
operators for almost every t £ [0,1]. However tl is a limit of nilpotent operators 
if and only if t = by Theorem II .21 This leads to the question, "Is there a way 
to determine when a normal operator in a von Neumann algebra is a limit of 
nilpotent or quasinilpotent operators?" 

In this section we will answer the above question for type I and III von 
Neumann algebras with separable predual. This classification will make use 
of the representation of von Neumann algebras as the direct integral of factors. 
The classification for factors is simple and the complete classification for type loo 
(Theorem l3.4p and type III (Theorem [377]) von Neumann algebras is as expected: 
a normal operator is a limit of nilpotent or quasinilpotent operators if and only 
if is pointwise the limit of nilpotent or quasinilpotent operators. This can be 
viewed as an extension of Theorem 11.21 and was motivated by Had . 

First we will begin with type I von Neumann algebras. In the case of a finite 
type I von Neumann algebra, the classifications trivially follow from the known 
results on matrix algebras. 

Proposition 3.1. Let 971 be a finite type I von Neumann algebra with separable 
predual. Then Nor(M) n QuasiNil(M) = {0}. 

Proof. Since 971 is a finite type I von Neumann algebra, 9Jt C Y\ n>1 M. n {C(X n )) 
where each X n is a compact Hausdorff space. Therefore, since an element of 
lln>i ■^■n(C(X n )) is quasinilpotent only if each direct summand is quasinilpo- 
tent, the proof will be complete by showing 

Nor{M n (C{X n ))) n QuasiNil(M n (C(X n ))) = {0} 

for each n £ N. 

Notice if M € QuasiNil(M n (C(X n ))) then Hindoo ||M fc p = by the 

M — 

spectral radius formula. Hence lim^oo ||M fe (a;)|| k = for all x £ X n so M(x) G 
QuasiNil(M n (C)) for all x £ X n . Therefore, if 

N e Nor(M n (C(X n ))) n QuasiNil(M n (C(X n ))), 

then 

N(x) S Nor(M n {<C)) n QuasiNil(M n (C)) = {0} 
for all x E X so N = 0. □ 

In Section 4 we will generalize the above result (see Proposition I4.3j) . 

To deal with type loo von Neumann algebras with separable predual, we 
recall that every such algebra has the form L ao (X, B(H)) for some Radon mea- 
sure space (X,[L). For a normal operator N G L 00 (X,B(7i)) to be a limit of 
nilpotent operators, it is clear that N must be the pointwise limit of nilpotent 
operators almost everywhere. The difficultly in the converse lies in the fact 
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that the integral of nilpotent operators need not be nilpotent if the degrees of 
nilpotency are unbounded. This issue will be resolved by Lemma 13.31 which was 
motivated by [Had] . We will begin with the following useful observation that is 
implied by [Had]. 

Lemma 3.2. Let D G Nor(B('H)) be such that cr(D) — {Ao, Ai, . . . , A&} where 
\) = and Xi ^ Xj if i ^ j. If the essential spectrum of D agrees with the 
spectrum of D then 

dist(D, Nil(B(H))) < — min max length(e) 

where T is the set of all trees with vertices {Ao, Ai, . . . , A^} and straight lines for 
edges, £{T) is the set of edges of a tree T G T ' , and length{e) is the Euclidean 
length of a straight line e connecting Xi to Xj . 

Proof. Let 

S := min max lenqth(e) > 

TeTee£(T) 

and fix a To 6 T that obtains this minimum. Note that there exists an N G 
Nor(B(H)) with spectrum equal to T . Since T is connected and contains 



zero, N G Nil(B{U)) by Theorem [HI By the Spectral Theorem for Normal 
Operators there exists a unitary U G B{Ti) such that \\D — UNU*\\ < ^5. 
Hence, as N G Nil{B{H)), the result follows. □ 



Note Lemma 12.21 implies the inequality in Lemma 13.21 is an equality when D 
is positive. Moreover Lemma 13.21 will be of particular use in proof of Theorem 

Lemma 3.3. Let {T„}„>i C N or{B{'H)) be a bounded set such that a(T n ) is 
connected and contains zero for all n G N. Then for every e > there exists 
{M„}„>i C Nil{B{U)) and a q G N such that \\T n - M n \\ < e and M« = 
for all n G N. That is, the operators T n can be uniformly approximated with 
elements of Nil{B{T-L)) with bounded nilpotency degrees. 

Proof. Without loss of generality ||T„|| < 1 for all n G N and e = ^rr for some 
m G N. Since ||T n || < 1, a(T n ) C D for all n G N. Define 



C, 



k,i 



2k - 1 2k + 1 



21-1 2£+l 

2rn+l ' 2 m +l 



C C 



for all k,l G {-2 m , -2 m + 1, . . . , 2 m } so that \JQ = _ 2m C M contains the closed 
unit square. 

For each subset Y C {-2 m , -2 m + 1, . . . , 2 m } x {~2"\ -2 m + 1, . . . , 2 m } 
define 

Xy := {T n | Xc k jT n ) ^ if and only if (k,£) G Y} 

where xz(T n ) is the spectral projection of T„ onto the subset Z. Note that 
\J Y Xy = {T n } n >i and Xy — if (0, 0) ^ Y or [J,j. f ^ gy C^^ is disconnected as 
the spectrum of each T n is connected and contains zero. 
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Since the number of possible Y's is finite, it suffices to show that for each Y 
there exists a q G N such that for every T n G Xy there exists an M n G Nil(B(H)) 
such that ||T„-M n || < 3e and M« = 0. Fix Y such that [j(k.i)eY °k,e is 
connected. For each (k, i) G Y let z^,i G Cfc^ to be the centre of Ck,i (so z ,o = 
0). Let Dy be a diagonal operator whose spectrum and essential spectrum is 
{zk,e | (k,£) G y}. By the Spectral Theorem, for each T n G there exists a 
unitary [/„ G B(H) such that ||T„ - U n D Y U*\\ < 2e. Since Dy is within e of 
an element of Nil(B(H)) by Lemma T3. 21 the result follows. □ 

Theorem 3.4. Let (X. /i) a Radon measure space. Then 971 := Loo{X, B(H)) is 
a type loo von Neumann algebra and every type loo von Neumann algebra with 
separable predual has this form. Moreover if f G Nor (9Jt) then the following are 
equivalent: 

1. f G Nil{M). 

2. f G QuasiNil(dJl). 

3. a{f{x)) is connected and contains zero fi-almost everywhere. 

Proof. Clearly 1) implies 2). To see that 2) implies 3), suppose that / G 
QuasiNil(M). If M G QuasiNil(M) then M(x) G Quasi Nil (B(U)) for al- 
most every i £ X by the spectral radius formula. Therefore / is almost every- 
where the pointwise limit of elements of QuasiNil(B(H)) and thus a(f(x)) is 
connected and contains zero for almost every iglby Lemma ll.3l 

To see that 3) implies 1), suppose o~(f(x)) is connected and contains zero 
for almost every x G X. Let e > 0. We can choose a representation of / 
such that f(x) is normal for every x G X, sup^g^ ||/(a;)|| < oo, and <j(f(x)) is 
connected and contains zero for every x G X . Since / is measureable, the range 
of / is separable and x i— > ||/(x)|| is a measureable function. Thus there exists 
{T n } n >i Q /PO arL d disjoint measureable subsets {E n } n >i C X such that if 

n>l 

then \\h-f\\ < e. Since T n G /(X) for all n G N, {T„}„>i is a bounded 
set of normal operators such that o~(T n ) is connected and contains zero for all 
n G N. By Lemma 1331 there exists {M„} n >i C Nil{B{H)) and a g G N such 
that ||T„ - M n |] < e and M« = for all n G N. Let 

.9 := J! M nXE n - 

n>l 



Then jel, ||/ - ,g|| < 2e, and g« = so g G Nil(m). Hence / G Nil(M). □ 

Thus we have completely characterized when a normal operator is a limit of 
nilpotent operators in a type I von Neumann algebra with separable predual: 
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Corollary 3.5. Suppose 971 = L^X, B{H))®\J[ n>1 7W Il (C)®L 00 (X n )J where 

(X,fi) and (X„,fj, n ) are Radon measure spaces. Let P G 9JI be the (central) 
projection onto L OQ {X,B{'H)) and let N G Nor(9Jl). Then the following are 
equivalent: 

1. N G Nil(m). 

2. N G QuasiNil{M). 

3. PN = N and a(N(x)) is connected and contains zero for almost every 
x £ X. 

Now we turn our attention to the case of type III von Neumann algebras. 
Standard theory implies that every type III von Neumann algebra is a direct 
integral of type III factors. Thus our first result is the following generalization 
of Theorem II .21 to type III factors. 

Proposition 3.6. Let 971 be a type III factor with separable predual and let 
N G Nor(9Jl). Then the following are equivalent: 

1. n e Nii(m). 

2. N G QuasiNil{M). 

3. <r(N) is connected and contains zero. 

Proof. Clearly 1) implies 2) and 2) implies 3) is trivial by Lemma [L~3"l We shall 
demonstrate that 3) implies 1). 

Suppose N G Nor(9Jt) is such that o-(N) is connected and contains zero. 
Since 971 is a type III factor with separable predual, there exists a unital copy 
of B(T-L) inside 971. Choose a normal operator iVo inside this copy of B{T-L) such 
that cr(No) = a(N). Therefore 7V g Nil(B(H)) C Nil(M) by TheoremO 

Since a(N) = a(No) and since 9JI is a type III factor, N and iVo are approx- 
imately unitarily equivalent in 071. Thus N G Nil(M) since N G Nil(M). □ 

With Proposition ^. Gl completed. we proceed with the general case. Unfortu- 
nately the proof of Theorem l3.7l is more complicated than the proof of Theorem 
13.41 as the type III factors are allowed to vary over the direct integral. The idea 
of the proof is similar to the proof of Proposition 13.61 except that the copy of 
B(T~L) inside our von Neumann algebra must be done 'in a measureable way'. 

Theorem 3.7. Let 971 be a type III von Neumann algebra with separable predual. 
Then there exists a locally compact, complete, separable, metrizable, measure 
space (X,ij,) and a collection of type III factors {^XSl x )xex with separable predual 
such that 971 is a direct integral of ($Jl x )xex ■ If N G Nor(9Jl) we may write 
N = N x d/j(x) where N x G 971a; is a normal operator /i-almost everywhere. 
Then the following are equivalent: 

1. N G Nil(<m). 
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2. N 6 QuasiNil(ffl). 

3. N x G Nil(DJl x ) fi-almost everywhere. 

4- N x G QuasiNil(DJl x ) (i-almost everywhere. 

5. o~(N x ) is connected and contains zero fi-almost everywhere. 

Proof. For a reminder on direct integrals of von Neumann algebras, we refer the 
reader to [KR . The equivalence of 3), 4), and 5) is clear from Proposition 13.61 
Clearly 1) implies 2). To see that 2) implies 3), suppose that N G QuasiNilfflt). 
If M G QuasiNil(M) then M x G QuasiNil(9Jl x ) for almost every x £ X by the 
spectral radius formula. Therefore N x is almost everywhere the pointwise limit 
of elements of QuasiN il(?ffl x ) and thus o~(N x ) is connected and contains zero 
for almost every x G X by Lemma 11.31 

Suppose N G Nor(9Jl) is such that o-(N x ) is connected and contains zero 
/i-almost everywhere. Thus we can assume that N x is normal, \\N X \\ < \\N\\, 
G a(N x ), and cr(N x ) is connected for all i£X. 

The issue with applying the proof of Theorem 13.41 is that we may go outside 
0Jl x at several x which is problematic. Our hope is to show for any e > there 
exists a q G N and M x € Nil(Wl x ) for all x € X such that \\N X - M x \\ < 2e 
for all x G X and MJ = for all a; G X. If (x i->- M x ) is measureable, then 
M = M x d/i(x) will be a nilpotent element of D)l within 2e of N. 

To get (x i— > Me) to be measureable, we need to modify the proof of Lemma 
13.31 Without loss of generality we may assume \\N X \\ < 1 for all x G X and 
e = for some m G N. Let Ck,i be as in Lemma \'S. 31 

For each subset Y C {-2™, ~2 m + 1, . . . , 2 m } x {-2 m , -2 m + 1, . . . , 2 m } 
define 

X Y := {x G X | xc fc ,,(^) ^ if and only if (M) eY}CX 

where xz{X x ) is the spectral projection of N x onto the subset Z. 

Since /(AT) = J® f{N x ) d/j(x) for all bounded Borel functions / on the 
spectrum of AT, each Xy is a measureable subset of X. Therefore, since the 
number of possible Y's is finite, it suffices to show that for each Y there exists a 
nilpotent operator My in 50? such that the support of My is Xy and N is within 
2e of My when restricted to Xy. Fix a potential Y. Note that (J y = X 
and ATy = if (0, 0) ^ Y or lj^ fc t ^ eY Ck,t is disconnected. Thus we may assume 
that [J( k f) g y Cfe,^ is connected, (0, 0) G Y, and X — Xy when performing our 
approximations . 

For each x G X and (k,£) G Y let P x ,k,t '■= Xc k e(N x ). Note the maps (x M> 
Px,k,e) — Xc k e (N) are elements of 9JI for all (k,£) G Y. We claim that {(x H> 
Px,k,i)}(k,t)eY are equivalent in 9JI. To see this, we notice by construction that 
{Px.k.e}(k,i)eY are orthogonal equivalent projections in SOti, almost everywhere. 
However, in a type III von Neumann algebra, two projections are equivalent if 
and only if they have the same central support. By Lemma 14.1.20.V of [KRj . 
the central support in 9Jt is the direct integral of the central supports in 9Jl x 
and thus the claim is complete. 
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Recall (0, 0) G Y. Since 9Jt is a type III von Neumann algebra, every non-zero 
projection of DJt is properly infinite. Thus, as (x \— > P x ,a.o) is non-zero almost 
everywhere, (x P x ,o,o) is a properly infinite projection. Thus there exists 
equivalent, pairwise orthogonal, measureable projections {(x H y P X fl_o. w )} w >i 
such that 

(x I ^ -Pr.o,o) = 2J(X !-)■ P x ,0,0,tt))- 
tu>l 

Since {(a; h-» -Px,M)}(M)e^ are equivalent in SJt, by using {(a; i-> P x ,o,o,«j)}™>1 
there exists equivalent, pairwise orthogonal, measureable projections {{(a; H > 
Px,k,e,w)}(k,i)eY}w>i such that 

(x i ^ P x ,fc/) = 2j(x i-> P x ,k,e,w) 

W>1 

for all (fc,f) G Y". 

Using the measureable partial isometries implementing the equivalences of 
{{(x i-> P x ,k,e,w)}(k.e)eY}w>i, we will construct 'a measureable collection of 
B(H)x Q S^V- For each (k,£) G Y let G C*,^ to be the centre of Ck,e (so 
z o,a = 0). Let 

T := \x h-> ^ ^ z k ,iP x ,k,t,w 
\ (kJ)eYw>i 

which is a measureable and decomposable operator in DJl (see Theorem 14.1.10 
of [KR|). Clearly \\T - N\\ < e by construction. 

To construct our nilpotent operator, let D be the diagonal operator on a 
separable Hilbert space % with orthonormal basis {{ek,i,w}(k,£)eY}w>i such 
that D(ek,e, w ) = Zk,e€k,t,w for all w G N and (k,£) G Y\ By Lemma T3.2I there 
exists an M' G Nil(B(H)) such that ||D - M'|| < e. For each wi,w 2 G N and 
(k 1 ,h),{k 2 J 2 ) GY let 

a (fciA,M>i),(fc2,&2,«>2) := {M'ek 2 ,e 2 ,w 2 , £k u l ) e C 
and let (a; i— > V^rfcj^j^jWfcg^,,^)) G 9Jt be the partial isometry such that 

(.T M> V x ^k 1 ,£ 1 ,w 1 ),(k 2 .£ 2 .w 2 ) i(*i,<i,i»i)i(fa^j,!»a) 

) = (x (->■ P K ,fc lA)lul ) 

and 

(a; h-> ^(fej^^jj^fca^jj^j,)) (a; V^/s^^),^^,,^)) = (x h-> P-E.feaA.tua)- 
Finally let 

A ^ := I x ^ X] "(kiMl^W!,"!)^*] 1 i 1 "' 

\ wi,w2>i(fa,<i),{fa,4)ey 

which is a measureable and decomposable operator in 9JI. Moreover M is also 
nilpotent as, for each x G X, M x is a copy of M'. Since ||£) — M'|| < e, 
11(1% - (M%|| < e for all x G X. Whence ||T - M\\ < e so \\N - M\\ < 2e thus 
completing the proof. □ 
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A natural question to ask is, "Is there a way to determine when a normal 
operator in a type II von Neumann algebra is a limit of nilpotent or quasinilpo- 
tent operators?" A partial answer to this question will be given in Section 7. 
Section 5 will provide some restrictions in the case of a type Hi von Neumann 
algebra. The case of a type IIoo von Neumann algebra is an enigma; there do not 
exist enough infinite equivalent projections to generalize the above arguments 
but none of the known restrictions apply. 

4 Restrictions by Compact Representations 

In this section we will provide some simple results that give examples of C*- 
algebras where the only normal operator that is in the closure of the quasinilpo- 
tent operators is the zero operator. These results will exploit the fact that 
A4 n (C) and A have this property. Moreover, we will demonstrate some meth- 
ods of constructing additional examples of C*-algebras with this property. 

In Section 6 (see Theorem 16.101) we will give an example of a C*-algebra 21 
where 

Nor (21) nNil (21) ^ {0} yet 2t sa n QuasiNil{%) = {0}. 

Thus we not restrict ourselves to the setting that Nor (21) ONil (21) = {0} in this 
section. Also, since it is unclear if Nil(Ql) = Quasi Nil (21), we will not restrict 
ourselves to the closure of the nilpotent operators in this section. We note that 
the statements 21+ n QuasiNil(%) = {0} and 2l so n QuasiNil(%) = {0} are 
equivalent. 

The main idea behind this section is the following trivial result. 

Lemma 4.1. Let 21 be a C* -algebra. If N G Nor($L) n QuasiNil^A) and n : 
21 — > B(T-L) is a representation of 21 such that 7r(2t) C & then tt{N) = 0. 

To apply this result, we make the following definition. 

Definition 4.2. A C*-algebra 21 is said to have a separating family of compact 
representations if there exists a set {Tr a }aei of representations of 21 such that 
n a (A) is a compact operator for all A G 21 and f] aeI ker(n a ) — {0}. 

For n G N U {oo}, a C*-algebra 21 is said to have a n-bounded, separating 
family of finite dimensional representations if there exists a set {TT a }aei °f finite 
dimensional representations of 21 on Hilbert spaces with dimension at most n 
such that Hqg/ ^ er ( 7r a) = {0}- 

There are a plethora of examples of C*-algebras that have a separating family 
of compact representations. For example, all finite type I von Neumann alge- 
bras and all liminal C*-algebras (a C*-algebra where every irreducible represen- 
tation has range in the compact operators) have separating families of compact 
representations. Examples of liminal C*-algebras include abelian C*-algebras, 
C*-algebras defined by a continuous field of non-zero elementary C*-algebras, 
the C*-algebra of a semisimple, connected, real Lie group, the C*-algebra of 
a nilpotent, connected, real Lie group, and the C*-algebra of a semisimple, 
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linear, connected, real Lie group (see [Dl]). All residually-finite dimensional 
C*-algebras (a C*-algebra that embeds into a product of matrix algebras) have 
an oo-bounded, separating family of finite dimensional representations. For ex- 
ample, C*(F2) is residually-finite dimensional (see Proposition VII. 6.1 of [Da]). 
Note there exists C*-algebras that have separating family of compact represen- 
tations that are not liminal (see 4.7.5 in [Dip. 

By Lemma 14.11 it is easy to see why we are considering Definition 14.21 

Proposition 4.3. Let 21 be a C* -algebra with a separating family of compact 
representations. Then A/or(2t) (1 QuasiNil(%l) = {0}. 

Proof. Let {TT a } a ei be a separating family of compact representations of 21. If 
N G Nor(^L)nQuasiNil(Ql), N G ker(-n a ) for each ae/by Lemma |4~T1 Hence 
N ef) a eiker(7r a ) = {0}. □ 

Proposition 14.31 is not the only result that can be obtained with Definition 
14.21 In particular, the following provides several C*-algebras 21 where A/or (21) H 
QuasNil{%) = {0}. 

Proposition 4.4. Let €. be a C* -algebra with a separating family of compact 
representations and let 58 be a C* -algebra that is the extension of £ by a C* - 
algebra 21. Then the following are true: 

1. IfHl sa nNil(W) = {0} then 58 sa n Nil(<8) = {0}. 

2. If 2l sa n QuasiNil{%) = {0} then 58 SQ n QuasNil(*&) = {0} . 

3. If Nar{%) n Nil(%) = {0} then Nor(*8) nNil(W) = {0}. 

4. If Nor(%) n QuasiNil(%) = {0} then Nor (58) n QuasNil{<B) = {0} . 
Proof. Since 58 is an extension of €. by 21, the sequence 

0^C^58 421^0 



is exact. Su ppose 2U n iVii(Sl) = {0} and N G 58 sa n Nil(<B). Therefore 
g(JV) e 2l sa n ATiZ(2t) = {0} so N e €. 

To see that AT = 0, let {7r Q } Qe / be a separating family of compact represen- 
tations of C Each ir a extends to a representation ir a of 58. Thus 

7T Q (iV) G £ sa n JVi/(7T Q (®)) 

for all a G /. Hence w a (N) = for all a G / by Lemma H. 31 Hence N = as 
desired. 

The proofs of the remaining three statements are identical. □ 

Example 4.5. The Toeplitz algebra, T, has no non-zero normal operators 
that are limits of quasinilpotent operators since T is an extension of 8. by 
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C(T). Moreover T <S> m in has no non-zero normal operators that are limits 
of quasinilpotcnt operators as the sequence 

-> £®mi„ £ -»• T ® min £ -> C(T) ® min £ -> 

is exact and C(T) ® m in -ft clearly has a separating family of compact represen- 
tations. 

The following proposition also allows us to show that T <8> m in <£ has no non- 
zero normal operators in the closure of the quasinilpotent operators for all C*- 
algebras £ with a separating family of compact representations. 

Proposition 4.6. Let € be a C* -algebra with a separating family of compact 
representations and let D be a C -algebra. Let 21 := £> ® m in -ft and let 95 := 
25 ®min £• 77ien the following are true: 

1. 7/2l sa n7Vi/(2l) = {0} f/iera 93 sa nJVipj = {0}. 

2. 7/ 2l SQ n QuasiNil(%) = {0} tten 25 sa n QuasNil(fB) = {0} . 
5. 7/ iVor (21) n JViZ(2l) = {0} i/ien iVor (95) n NiUWj = {0} . 

^. IfNor(%) n QuasiNil(%) = {0} tften TVor (95) nQualNlI(W) = {0}. 

Proo/. Suppose 2l sa n 7Vi/(2l) = {0} and N e 95 sa n Nil(<8). Let {7r Q } ae/ be 
a separating family of compact representations of £. For all a € 7 7<7a ® 7r Q : 
93 — >• 2t is a *-homomorphism so 

(id® ® 7r a )(7V) e 2l sa n M(2i) = {0}. 

Hence (Id® ® 7r Q )(7V) = for all a E I. Therefore, if tt is the direct sum of 
{ita}a£i, (Id® <8>7To)(-/V) = 0. Since Plae/ ker(n a ) — {0}, 7r is faithful and thus 
(Id® <g> 7T )(/V) = implies N = 0. 

The proofs of the remaining three statements are identical. □ 

The proof of the following is identical. 

Corollary 4.7. Let € be a C* -algebra with a m-bounded separating family of 
finite dimensional representations for some m G NU{oo} ; let%l be a C* -algebra, 
and let 95 := € <8> m in 21. TVien ffte following are true: 

1. If M„(X) sa r\Nil(M n (%.)) = {0} /or alln<m then^ sa nNil(W) = {0}. 

2. If M n (%) sa n Quas iNil(M n (%)) = {0} /or all n < m then 
<B aa r\QuasNil(<B) = {0}. 

5. IfJNor(M n (%)) n 7Vi/(7W„(2l)) = {0} /or all n < m then iVor(95) n 
JViZ(<8) = {0}. 



^. IfNor(M n (^ )) n QuasiNil{M n {Vi)) = {0} /or all n < m then Nor(T>) n 
QuasNil(<B) = {0}. 
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To complete this section we turn our attention to replacing representations 
of C*-algebras with contractive, completely positive maps. One interesting class 
of C*-algebras are the quasidiagonal C*-algebras. Recall that a C*-algebra 21 is 
said to be quasidiagonal if there exists a net of contractive, completely positive 
maps from 21 into matrix algebras that are asymptotically multiplicative and 
isometric. Later (see Theorem 16.61 and Theorem 18. 6p we will demonstrate that 
there are quasidiagonal C*-algebras with non-zero self-adjoint operators in the 
closure of the nilpotent operators. However some partial result can be obtained 
in the case that there is a bounded on the size of the matrix algebras in the 
completely positive approximation. We begin with the following trivial lemma. 



Lemma 4.8. If M £ Nil(M n (C)) then \\M - M*\\ > \\M\\. 

Proof. Without loss of generality \\M\\ = 1 and n > 2. Note M is unitarily 
equivalent to a strictly upper triangular matrix. As unitary equivalent preserves 
the norms of M and M — M* , we can assume M = [ciij] where a^j = if i > j 
and M — M* = [bi.j] where bij = for all £ € {1, ... , n}, bij — Oi t j if j > i, and 
bi.j = aJJ if i > j- Since ||M|| = 1, 



2\ 2 



< &\\M-M*\\ 

as the ^2-norm and operator norm of a matrix with a single non-zero column 
agree. □ 

Proposition 4.9. Let 21 be a C* -algebra with a net of c.c.p. maps ip a : 21 — > 
®J^M nj i0 (C) such that \\A\\ = lim A 11^(^)11 for all A e 21, 

Km\\ip a (AB) - <p a (A)<p a (B)\\ =0 



for all A, B 6 21, and {nj a }j>i aeA *s a bounded set. Then 2l sa nQuas£iV£i(2t) = 
{0}. 

Proof. Suppose otherwise that there exists an A G (2U n QuasiNil($lf) \{0}. 

Let £ := sup aeAo>1 nj^ a < oo. Without loss of generality ||j4|| = 1 and I > 2. 
Choose e > such that _ 

~(l-2e)>5e. 

Since A G (%l sa n QuasiNil(2lfj \ {0}, there exists an M £ QuasiNil(ffl) such 

that ||M|| = 1 and \\A - M\\ < e. As A is self-adjoint, \\M - M*\\ < 2e. 

1 

Since M G QuasiN £Z(2l) , there exists a k £ N such that ||M fc || fc < e by the 
spectral radius formula. Therefore 

lim \\ip a (M) - <p a (M)*\\ = \\M - M*\\ < 2e, lim ||^ Q (M)|| = ||M|| = 1 

A A 
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and 

lim\\tp a (M) k \\ i =lim\\ip a (M k )P = \\M k P < e 

by the two properties of the net (<p a )aeA- 
Fix a £ A such that 

||^ Q (M) fe || <e fc , \\<p a (M)-Lp a (M)*\\<3e, and \\<p a (M)\\ > 1 - e. 

Since ffi^K^ (C) is a finite dimension C*-algebra, <p a (M) = U(D + M )U* 
where U is a unitary, D is a diagonal matrix, and Mq is a strictly upper 
triangular matrix. Therefore || (D + Mo) fc || < e k . However, since D k and 
(D + M ) k agree on the diagonal, \\D k \\ < e k . Hence \\D\\ < e. Therefore 
\\(p a (M) - UM U*\\ < e so ip a {M) is within e of the nilpotent matrix UM U*. 
Moreover 

\\UM Q U* - (UM U*)*\\ < 2 \\<p a (M) - UM U*\\ + \\<p a (M) - <p a (M)*\\ < be. 

However \\T-T*\\ > y^f ||T|| for every T £ Nil (® 1 ^ L M nita (C)) by Lemma 
Ol Therefore 

(1 - 2e) < y|(|ba(Mn)|| - < yf II^oC/*|| < 5e 
which contradicts the choice of e. □ 

5 Restrictions by Tracial States 

In this section we will demonstrate how tracial states on C*-algebras provide 
restrictions to the spectra of normal operators in the closure of the quasinilpo- 
tent operators. In particular, provided there are enough tracial states, strong 
restrictions are obtained (see Corollary 15.91 and Theorem 15. 15|) . 

To begin we note the following result that enables us to create additional 
elements of QuasiNil(Ql). 

Lemma 5.1. Let 21 be a C* -algebra and let T £ QuasiN zZ (21) . Then 

alg(T),alg(T*) C QuasiNil{%). 
Similarly if T £ Nil{%) then alg(T), alg(T*) C Nil(QL). 

Proof. It is clear that the adjoint of an element of QuasiN 'iZ(2l) (respectively 
iViZ(2l)) is an element of QuasiN zZ(2l) (respectively iVi/(2l)). Moreover, if p 
is a polynomial such that p(0) = then if M £ QuasiN zZ(SJl) (respectively 
M £ Nil{%)) then p(M) £ Quasi Nil (01) (respectively p(M) £ Nil(%)). Thus 
the result follows. □ 

Now we shall introduce the main tool for the results of this section. 
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Definition 5.2. Let 21 be a C*-algebra. A tracial state t on 21 is a positive 
linear functional of norm one such that t{AB) = t(BA) for all A, B £ 21. 

There are several examples of C*-algebras with tracial states. For example, 
finite dimensional C*-algebras, the reduced group C*-algebra of a countable 
discrete group, abelian C*-algebras, type Hi von Neumann algebras, and uni- 
formly hyperfinite C*-algebras all have tracial states. The reason for examining 
C*-algebras with tracial states is the following. 

Lemma 5.3. Let 21 be a C* -algebra, let t be a tracial state on 21, and let 
M £ QuasiNil(%). Then t(M) = 0. 

Proof. If 21 is not unital, the linear map f : 21 — > <£ on the unitization 21 of 21 
defined by 

f(AJ fi + A) = A + t(A) 

for all A £ 21 and A £ C is easily seen to be a tracial state on 21 that extends r. 
Hence we may assume that 21 is unital. 

By Rota's Theorem (see Corollary 9.14 of |Paj for example) and the fact that 
o-(M) = 0, for all e > there exists an B e £ 2l _1 such that ||57 1 MB e || < e. 
Therefore 

\t{M)\ = \T{B~ l MB e )\ < WB-^MBzW < e. 
Thus, as this holds for all e > 0, t(M) = 0. □ 
Corollary 5.4. Let 21 be a C* -algebra and let r be a tracial state on 21. Then 
dist(T,QuasiNil(2l)) > |r(T) 

for all T £ 21. 

Corollary 5.5. Let % be a C* -algebra, let t be a tracial state on 21, and let 
T £ QuasiNil($V). Then r(p(T)) = and r(p(T*)) = for all polynomials p 
such that p(0) = 0. 

Note Corollary 15.51 automatically implies that if T £ QuasiNil(^V) then 
alg(T) is in the kernel of every tracial state on 21. Thus it is useful to examine 
C*-algebras with several tracial states. 

Definition 5.6. Let 21 be a C*-algebra. A tracial state r on 21 is said to be 
faithful if t(A) > for all A £ 21+ \ {0}. 

A C*-algebra 21 is said to have a separating family of tracial states if for 
every A £ 21+ \ {0} there exists a tracial state on 21 such that t(A) > 0. 

For example, finite dimensional C*-algebras, the reduced group C*-algebra 
of a countable discrete group, abelian C*-algebras, type Hi factors, and uni- 
formly hyperfinite C*-algebras all have faithful tracial states. Every type Hi 
von Neumann algebra has a separating family of tracial states. 

Using Corollary 15.51 we easily obtain the following restriction. 
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Proposition 5.7. Let 21 be a C* -algebra with a separating family of tracial 
states and let N G Nor (21) be such that there exists a polynomial p withp(0) = 0, 
p(JV) ^ Q ; a nd p(a(N)) C [0,oo). Then N £ QuasiNil(%). Thus 2l sa n 
QuasiNil(%) = {0}. 

Proof. Suppose to the contrary that there exists an TV G Nor( ( 2i)r)QuasiNil(^i) 
and a polynomial p such that p(0) = 0, p(N) / 0, and p(a(N)) C [0, oo). Then 
p(iV) G 21+ (~1 QuasiNil(QV) by Lemma DiTTl Since p(iV) 7^ 0, the assumptions on 
21 imply that there exists a tracial state r on 21 such that r(p(N)) > which 
contradicts Corollary [53] □ 

Using complex analysis it is easy to improve Proposition [5TT1 The main tool 
is the following theorem. 

Theorem 5.8 (Mergelyan's Theorem; see Theorem 20.5 of }Ruj ) ■ Let K be 

a compact set in the plane such that C \ K is connected. If f is a continuous 
function on K which is holomorphic on the interior of K then f can be uniformly 
approximated by polynomials on K . 

Corollary 5.9. Let 21 be a C* -algebra and let N G Nor (21) \ {0} be such that 
int{a{N)) = and C\o~(N) is connected. Then the following are true: 

1. 7/21+ r\QuasiNil(Ql) = {0} then N QuasiNil(<&). 

2. J/21+ C\Nil{%) = {0} then N $ Nil(SL). 

Consequently, if 21 is a C -algebra with a separating family of tracial states then 
N <£ QuasiNilin). 

Proof. Suppose 2i+ n QuasiNil(%) = {0} and N G QuasiNil(%). Then G 
a{N) by Lemma O Define / G C(a(N)) by f(z) = \z\ for all z G a(N). 
Since /(0) = 0, Mergelyan's Theorem implies / is the uniform limit on cr(iV) of 
polynomials that vanish at zero and thus f(N) G QuasiN iZ (21) by Lemma \5. 11 
Since f(N) G 21+ , f(N) = so N = as claimed. 

The second claim is identical to the first and the final claim follows from 
Proposition 15.71 □ 

Corollary \5M is the strongest restriction that has been obtained on the spec- 
trum of a normal operator in the closure of the quasinilpotent operators of a 
C*-algebra with a separating family of tracial states. To obtain stronger restric- 
tions, we turn our attention to C*-algebras with faithful tracial states. 

Remarks 5.10. Let 21 be a unital C*-algebra, let r be a tracial state on 21, and 
let N G iVtw(a). Consider the C*-algebra £ = C*(l, N, N*) and r| £ . Then t\ € 
is an element of the dual space of £ and thus can be associated with a complex, 
regular, Borel measure fi on a(N). Thus we view r|c(/(iV)) = f^,™ f dfi for 
/ G C(cr(N)), Moreover, since r is positive and unital, /i is a probability 
measure on a(N). 
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If r is faithful then ii(U) > for all relatively open sets U in <j(N). This is a 
trivial consequence of the Monotone Convergence Theorem. Thus the support 
of fi is cr(iV). 

If N € QuasiNil(%) then r(p(JV)) = t(j?(N*)) = for all polynomials p 
that vanish at zero by Corollary 15.51 Therefore, since N ~ z and iV* ~ z, 
J,^ z" d(i — and J* z" d/i = for all n G N. 

It is therefore of interest to our main problem to determine the supports 
of all probability measures ll with compact support such that J z" dfj, = and 
J z" dfi — for all neN. Unfortunately we have not been able to classify the 
supports of such measures. However, some progress has been made that enables 
us to improve Corollary 15.91 in the case our C*-algebra has a faithful tracial 
state. 

To begin our discussion of normal limits of quasinilpotent operators in C*- 
algebras with faithful tracial states, we make the following definition. 

Definition 5.11. A subset X C C is said to be a non-quasinilpotent spectrum 
if iV QuasiN zZ (21) for all C*-algebras 21 with a faithful tracial state and all 
N G iVor(a) \ {0} such that a(N) C X. 

It is clear if X C C\{0} then X is a non-quasinilpotent spectrum by Lemma 
11.31 Moreover a subset of a non-quasinilpotent spectrum is a non-quasinilpotent 
spectrum and Corollary 15 .91 provides some examples of non-quasinilpotent spec- 
tra. In addition, the following result is trivial. 

Lemma 5.12. If X is a non-quasinilpotent spectrum then re t6 X is a non- 
quasinilpotent spectrum for all r,8 G M. 

Of more interest are the following non-quasinilpotent spectra. 

Lemma 5.13. Every closed half-plane with zero on the boundary is a non- 
quasinilpotent spectrum. 

Proof. By Lemma 15.121 it suffices to prove that the closed upper half-plane is a 
non-quasinilpotent spectrum. 

Let 21 be a C*-algebra with a faithful tracial state r and let N G ATor (21) Pi 
QuasiNil(^i) be such that a(N) is contained in the closed upper half-plane. Let 
fx be the measure on <r(N) from Remarks 15. 101 Then 



However, since relatively open subsets of <r(N) have positive //-measure and 
Im(z) > above the x-axis, the above integral implies o~(N) must lie on the 
x-axis. This implies that 




-/V g 2l sa n QuasiNil(%). 



Thus Proposition 15 . 71 implies N = 0. 



□ 
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Lemma 5.14. For each a G [0,2%) let X a := {A G C | A = re l ° ,r > 0, 6> G 
[0, 27r) \ {a}}. T/iera eac/i X Q is a non-quasinilpotent spectrum. 

Proof. It suffices to prove the result for a = ir by Lemma 15.121 

Let 21 be a C*-algebra with a faithful tracial state r and let iV G 7Vor(2l) n 
QuasiNil^A) be such that a(N) C Thus G cr(/V) by Lemma fl~3l 

Recall <t(N) is compact and bounded. Let K' be the union of <r(N) with 
the bounded components of the complement of cr(N). Then K' is a compact 
set such that ^ int(K'), C \ if' is connected, and K' C X^. 

Consider the function f{z) = z? on X^ (where the principle branch has 
been selected). Then / is a continuous function on and holomorphic on 
the interior of K' . Consequently, as /(0) = 0, / is the uniform limit on K' 
of polynomials that vanish at zero by Mergelyan's Theorem. Therefore, since 
N G QuasiNil(QV), Lemma IS~T1 implies 

f(N) G Nor(%) n QuasiNilQX). 

However a(f(N)) — f(a(N)) is contained in the closed right half plane through 
the origin. Hence /(TV) = by Lemma EH Thus N = /(TV) 2 = as desired. 

□ 

Theorem 5.15. Suppose that X C C is such that G X and C\X is connected. 
Suppose further that there exists an element y G C\X such that the line segment 
f(t) = ty for t G (0, 1] is contained in C \ X . Then X is a non-quasinilpotent 
spectrum. 

Proof. By Lemma 15.121 we can assume that y = 1. 

Let 21 be a C*-algebra with a faithful tracial state r and let TV G TVor(2t) Pi 
QuasiMUW) be such that a(N) C X. Thus G a(N) by Lemma H~3l 

Consider the function g(z) = ^ty + I on X. Then, since 1 G C\X C C\a(N) 
(which is open), g is analytic on a neighbourhood of cr(iV). Since g(0) = 0, 
Mergelyan's Theorem implies g is the uniform limit on o~(N) of polynomials 
that vanish at zero. Hence 



g(N) G iVor(2l) n QuasiNil{%). 

However, since (0,1] ^ X, g((0, 1]) = (0, oo), and g is injective, (0, oo) ^ 
<r(g(N)). Thus g(N) — by Lemma \5. 141 Since g is a fractional linear trans- 
formation, g is invertible and thus N — g^ 1 (g(N)) = <7 _1 (0) = 0. □ 

It would be pleasant if the assumptions of Theorem l5 . 151 could be reduced to 
knowing zero is in the boundary of the unbounded connected component of C\X. 
Theorem 16. 101 will demonstrate that we cannot expect Nor (21) D JViZ(2l) = {0} 
for an arbitrary C*-algebra 21 with a faithful tracial state. 
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6 AF C*-Algebras 

In this section we will investigate when a normal operator in a AF C*-algebra 
is a norm limit of nilpotent operators. The study of such operators is intrin- 
sically related to how normal matrices can be asymptotically approximated by 
nilpotent matrices as we allow the dimension of our matrices to increase. Propo- 
sition will improve Proposition 14.91 to normal operators in a similar setting 
whereas Theorem El] exhibits an AF C*-algebra 21 where 2l sa n WUfify ^ {0} 
thus showing Proposition 14.91 cannot be generalized to arbitrary quasidiago- 
nal C*-algebras. Moreover, in Theorem 16.101 which is the main result of this 
section, we will exhibit a C*-algebra 21 with a faithful tracial state such that 
Nor (21) DNil (21) ^ 0. All o f this to gether (along with Proposition l8.10j) implies 
that the study of iVor(2l) CI Nil(2L) for AF C*-algebras 21 is incredibly complex. 
We begin with the following important result. 

Proposition 6.1. Let 21 be an AF C* -algebra and write 21 = |Jfc>i ^Ifc where 
2li ^ 2l 2 ^ 2I 3 ^ • • • is a direct limit of finite dimensional C* -algebras with 
injective for all k € N. For each T £ 21 following are equivalent: 

1. T £ QuasiNil{%). 

2. T e Nil{%). 

3. Te \J k >i ml (^k). 

Proof. Clearly 3) implies 2) and 2) implies 1). Suppose T £ QuasiNil(%L). Let 
e > an d choose M £ QuasiNil(&) such that ||T - M|| < e. Since M £ 
Ufc>i and by the semicontinuity of the spectrum, there exist an k £ N and 
an operator Mo £ 21& such that \\Mo — M\\ < e and 

o-{M ) C {z £ C | dist(z, a(M)) <ej = {zeC | \z\ < e} . 

Since 2lfc is a finite dimensional C*-algebra, 2lfc is a direct sum of matrix algebras. 
Thus Mq is unitarily equivalent to a direct sum of upper triangular matrices. 
Each of these upper triangular matrices is the sum of a nilpotent matrix and 
a diagonal matrix whose diagonal entries are in a(M ). Since the equivalence 
is via a unitary, by subtracting the diagonal part we obtain an M' £ Nil(%k) 
such that 

\\M - M'\\ < sup{|z| | z £ o-(Afo)} < e. 
Therefore \\T — M'\\ < 3e completing the proof. □ 

Remarks 6.2. The study of which normal operators of an AF C*-algebra are 
in the closure of the nilpotent operators is intrinsically connected to the distri- 
bution of eigenvalues of normal matrices that are asymptotically approximated 
by nilpotent matrices as we allow the dimension of the matrices to increase. 

Indeed if 21 is an AF C*-algebra with 21 = U fc >i ^ where 21 1 ^ 2l 2 ^ 
2I3 • • • is a direct limit of finite dimensional C*-algebras with injective 
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for all k £ N, then it is easy to see by Proposition 16.11 and by |Lilj that N £ 
iVor (21) n Nil(%) if and only if for each k £ N there exists an iV fc e Nor (2l fc ) 
such that A~ = linife_ i . 00 and lim^oo dist(Nk, iVii(2tfe)) = 0. Moreover, since 
TV = linifc^oo TVfe, linifc^oo ||a fc (A^) - AT fe+ i|| = 0. This is possible only if for 
each feefj the eigenvalues of ctk(Nk) and ATfc+i (including multiplicities) can 
be paired together in a manner such that the maximum of the absolute values 
of the differences tends to zero as fc tends to infinity. 

Similarly, if Nk £ Nor(%k) can be chosen such that for each k £ N the 
eigenvalues of «/ c (iV/ c ) and Nk+i (including multiplicities) can be paired to- 
gether inside the appropriate direct summand of Qlk+i in a manner such that 
the maximum of the absolute values of the differences tends to zero as k tends to 
infinity and lim^oo dist(Nk, Nil(2lk)) — 0, then, by taking unitary conjugates 
of the iVfc's, it is possible to construct a Cauchy sequence in 21 that converges 
to a normal operator N in the closure of the nilpotent operators. 

Example 6.3. For each n £ N let A n £ M.2 n { < &) be a diagonal matrix with 
spectrum {^-,^-,...,1}. Then 

limM dist(A n , Nil(M 2 ™(C))) > 0. 

n— >oo 

To see this, we note that the sequence (A n ) n >i can be used to construct a 
Cauchy sequence in the 2°°-UHF C*-algebra 21 that converges to a non-zero 
positive operator A. If liminf„_ i . 00 dist(A n , Nil(M.2«(C))) — then A would 
be the limit of elements of iVi/(2t) which would contradict Proposition 15 . 71 as 21 
has a faithful tracial state. 
Alternative 

liminf dist(A n , Nil(M 2 »(Q)) > ~ 

by Corollarv l5.4l 

Note, in the above example, we can view each A n as a positive operator 
whose spectrum is the first 2™ entries of the sequence {1, |, |, |, |, . . .}. Thus, 
by Remarks 16. 2[ we are interested in the following question: "Given a sequence 
(a n )n>i £ 4o(N) does lim inf dist{diag(ai, . . . , a n ), Nil(M n (C)) ) = 0?" 
Using an argument similar to that used in Lemma 12.21 would imply {a n } n >i 
must be a connected set containing zero in order for an affirmative answer to 
this question. Thus the following is of particular interest. 

Proposition 6.4. There exists an sequence {a n ) n >i £ ^oo(C)+ \ {0} with 
{a-n}n>i = [0, 1] such that 

liminf dist{diag{a\, . . . , a n ), Nil(M n (C))) = 0. 

n— >oo 

Proof. By Lemma |2~T1 for each n £ N there exists a positive matrix A n £ A4 n (C) 
of norm one such that limn^oo dist(A n , Nil(A4 n (C))) — 0. Choose n\ £ N such 
that dist(A ni , Nil(A4 ni (C))) < 1. Let the first n\ a^s be the eigenvalues of 
A ni (including multiplicity). 
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Let Ri := A ni . By Lemma [231 <r(A„ ) progressively gets dense in [0, 1] as n 
increases. Therefore there exists an n-x G N such that 



a(A n2 ) n 

for all k G {0, 1,2,3} and 



k k + l 
22'^- 



dist{A n2 ,Nil(M n2 {Q)) < ^. 

By comparing the eigenvalues of R\ and A ri2 there exists an mi G N and an 
injective map /i from the eigenvalues of R\ (including multiplicity) to the eigen- 
values of A® 2 mi (including multiplicity) such that |A - /i(A)| < \ for all eigen- 
values A of R\ (including multiplicity). Therefore, if A®™ 1 R\ denotes the 
(rn\ni —ni) x (jn\U2 —n\) diagonal matrix whose diagonal entries are the eigen- 
values of A®™ 1 (including multiplicities) excluding /i(A) for all eigenvalues A of 
R\ (including multiplicity), then 

R 2 :=i?!©(A® mi QRi) 

is within 4 of a unitary conjugate of A®™ 1 and thus 

dist(R 2 ,Nil(M n2mi (C)) < j + dist(A®™\Nil(M n2mi (C)) 

< l + dist(A n2 ,Nil(M n2 (C)) < |. 

Thus define the next m,\n2—n\ Oj's to be the eigenvalues of A® 2 mi QR\ (including 
multiplicity). 

By continuing this process ad nauseum, the desired sequence (a„) n >i is 
obtained. □ 

Of course the existence of the above sequence does not imply that there 
exists an AF C*-algebra with a non-zero positive operator in the closure of 
the nilpotent operators as the structure required for such an operator is more 
complex (see Remarks I6.2|) . 

Refocusing back to determining when normal operators in an AF C*-algebra 
are norm limits of nilpotent operators, we have the following trivial observation 
that improves Proposition 14.91 in the case of AF C*-algebras. 



Proposition 6.5. Suppose 21 = Ufc>i^ fc where 2ti % 2t 2 ^ 2t 3 ^ ••• is 

a direct limit of finite dimensional C* -algebras with a k injective for all k G 
N. // 2tfc = ®™^ 1 M nj k (C) and {rij,k}j,k>i is a bounded set, then Aor(2l) (~l 
QuasiNil{%) = {0}. 



Proof. Suppose N G Aor(2t) Pi QuasiNili^i) and let I := snpj k>1 nj_k < oo. 
Therefore M l = for all M G {J k >i Nil(% k ) so N e = by Proposition HQ 
Hence N = 0. □ 
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To see that Proposition 14.91 cannot be generalized to arbitrary quasidiagonal 
C*-algebras, we note the following result is an easy application of the theory 
developed in Section 2. 

Theorem 6.6. There exists an AF C* -algebra 21 such that 2t+niViZ(2l) ^ {0}. 

Proof. Let O2 be the Cuntz algebra generated by two isometries. Since O2 
is a separable, nuclear C*-algebra, the cone of O2, £ := C*o((0, 1], O2), is AF- 
embeddable (see Theorem 8.3.5 of |BOj ). Hence there exists an AF C*-algebra 
21 such that € C 21. Thus it suffices to show €+ n Nil(€) ^ {0}. 

Let A £ (0 2 )+ \ {0} and let A' £ € + be defi ned by A'(x) = Ax for all 
x £ (0, 1]. Since A ^ 0, A 1 ^ 0. Since A £ Nil{ Q 2 ) by Theorem QQH (or simply 
Proposition ^. 5[) , it is trivial to verify that A' £ Nil(€) as desired. □ 

Using Theorem 16.61 and Proposition 16. 1[ it is easy to obtain the following 
that enables us to improve Lemma l2~T1 bv bounding the nilpotency degrees of the 
approximating nilpotent matrices. Theorem l6.6l Proposition 16. 11 and Remarks 
!6.2l together also imply that Lemma [2~T1 holds with the additional property that 
the distribution of eigenvalues of the sequence A n is 'not too poorly behaved'. 

Corollary 6.7. There exists an increasing sequence of natural numbers (fc n )n>i 
and a sequence of positive matrices A n £ A / lfe Il (C) of norm one such that for 
every e > there exists an index m£N and afeN such that 

dist(A n ,Nik(M kn {C))) < e 

for all n > m (where Nili(A4k n ( < C)) is the set of nilpotent k n x k n -matrices of 
nilpotency index at most I). 

The main result of this section is Theorem 16.101 which gives an example of 
a C*-algebra 21 with a faithful tracial state (so 2l sa (~l QuasiNil($V) = {0} by 
Proposition EJl also see Theorem [5T5]) such that Nor (21) n Nil (21) ^ {0} . The 
main tool in this construction is Lemma [6.91 which is based on 2.3.3 of |Helj . 
Although we will not need the full power of Lemma 16.91 in this section, Lemma 
16.91 will be vital in the next section where we study of the closure of the nilpotent 
operators in type Hi factors. For completeness we include the statement of the 
following well-known result. 

Theorem 6.8 (Berg's Technique). Let {ej}" =0 U {/j}" =0 ^ e an orthonormal 
set. Suppose T £ B(H) has the property that 

Tej = e j+1 and Tfj = f j+1 

for all j £ {0, . . . , n — 1}. Then there exists an S £ B{T-L) such that 

1. Si = n for all i £ ({ e ,};Co u u^U^, 

2. S(span{ej,fj}) = span{e j+1 , f ]+1 } for all j £ {0, . . . , n - I}, 

3. S is an isometry on span{ej, fj} for all j £ {0, . . . , n — 1}, 
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4- S n eo — f n , 

5. S n f = e n , and 

6. \\S-T\\ < Z. 

II II n 

Proof. See Theorem VI.4.1 of [Da]. □ 

Lemma 6.9. Let n,m E N with m > 2 and choose = oq < a\ < a 2 < 
... < a m = 1. Then there exists an M G -/Vi^(.M( 2m+ i) n+ i(C)) and an N S 
Nor(M( 2m +i)n+i(C)) such that 

||M-JV||<-+ max \a k+1 - a k \ 

n 0<k<m-l 

and 

a(N) = {a k e& \ j 6 {1, . . . , 2n}, k G {0, . . . , m}} 

with the multiplicity of zero being n + 1 and i/ie multiplicity of every other 
eigenvalue being one. 

Proof. Let {e^}!^ ™ be the standard orthonormal basis of c( 2 "»+l)n+i arLC ] 
define M e A^(X( 2m+ i) n+ i(C)) by Me (2m+ i)„ = 0, 

M(etn+j) — a-k+lCkn+j+l 

for all k € {0, 1, . . . , m — 1} and j 6 {0, 1, . . . , n — 1}, 
for all j e {0, 1, .. 1}, 

— l2m+l-feefen+j+l 

for all fc s {m + 1, to + 2, . . . , 2to} and j £E {0, 1, . . . , n — 1}, and by extending 
M by linearity. Thus M is a nilpotent weighted forward shift on c( 2m + 1 )"+ 1 
with weights 

ax, a 2 , ■ ■ ■ , a m -i, a m , a m , a m , a m _i, . . . , a 2 , Oi 

for consecutive blocks of length n. It is clear that ||M|| = 1. 

For an arbitrary Hilbert space K, with orthonormal basis {fj}j=i let t/ 2n : 
/C — > JC be defined by 

U2n{fj) = fj+1 

for all j G {1, 2 . . . ,2n — 1}, Um^fin) = fx, and by extending U by linearity. It 
is clear that [/ 2 „ is a unitary operator with 

<r(U* n ) = {e» i | je{l,...,2n}} 
with the multiplicity of each eigenvalue being one. 
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Our goal is to use Berg's Technique to approximate M with a direct sum of 
multiples of [7 2 „. For each k G {0, 1, ... , 2m — 1} let Hk '■— span{e n k+j \ j G 
{0, l,...,n-l}}. Lct/C m _i !m+ i ■■=H m -i®H m ®H m +i- By Berg's Technique 
on 

{ e nm— n; ^nm-n+lj • • • ; ^nm} and {Cnm+n: e nm+n+b • • • ; &nm+2n\ ■> 

there exists an Si G A4( 2m+ i)„+i(C) such that ||Si - M|| < Si(/) = M(/) 
for all / G /C^_ 1>m+1 , 

"5*1 ( s P a ^{ e nm— n+j i e nm+n+j }) ^= SPO'tlfenm—n+j+l j e nm+n+j+l } 

for all j G {0, 1, . . . , n — 1}, Si is an isometry on 

span{e nm — n: e nm _ n _|_i, . . . , e nm , e nm _|_ n , e nm _|_ n +i, . . . , 6 nm -|- 2n } 
S'i(cnm-ri) = &nm+2ni and S"(e n m+n) = e nTO . Therefore 

^Sn— l,m+l : ~ sptt^fCnm+ti] Si(e„ m |„), S'l ( e nm+n): • ■ • i S-y {Znm+nf} © T~L m 

is an Si-reducing subspace and Si is unitarily equivalent to ?7 2 „ when restricted 

t° ^-m-l.m+l- 

Let 

^m-l,m+l := ^TO-l,m+l © ^m-l.m+1- 

By construction, e„ m _„ G KJJ,_! m+1 , Si is a forward shift with weights one on 

SpClTl{€- nm — n , Si {&nm—ri)i Sy [&nm—n \ • • • ; S-^ ( e nm— n) } ^m— l.m+1 5 

and Si(e„ m+2n ) = M(e„ m+2 „) = a TO _ie„ TO+2 „+i. Let Mi be the operator 
obtained from Si by reducing the weights on /C^ l _ 1 m+1 from 1 = a m to a m _i 
(so Mi(S" _1 (e nm _ n )) = a m _iSi(S" _1 (e m „_„)) = a m -ie nm+2n )- Hence 

||M-Mi|| < - + \a m -a m -i\. 
n 

Moreover, by construction, Mi has K-' m _ l m+l as a reducing subspace such 
that the restriction of Mi to JC' m _ l m+1 is [/ 2 n and the restriction of Mi to 
(IC' m _ 1 m+ i) ± is an ((2m— l)n+ 1) x ((2m— l)n+ 1) matrix that is a nilpotent, 
weighted forward shift with weights 

Oi, a 2 , . . . , a m _ 2 , a m _i, a m _i, a m _i, a m _ 2 , . . • , a 2 , ai 

for consecutive blocks of length n. 

For our next approximation, we will apply Berg's Technique on Mi in 
'an orthogonal way' in order not to disturb the above approximation. Let 
£ m -2,m+2 := %m-2 © %m+2 © ^m-i.m+i- % Berg's Technique on 

{^nm-2nj 6)im- 2n-f-l; • • • ; 6nm-n} and {Cnm+2n7 e nm+2n+l) • • • ; ^nm+3n}> 



30 



6 AF C* -ALGEBRAS 



there exists an S 2 E M {2m+1)n+1 (C) such that ||S 2 - MJ < f , S 2 (f) = Mi(/) 
for all/G (^-je^+j) 1 , 

5 , 2 (span{e„ m _2n+j, e„„ l+ 2n+j}) C span{e„ TO _2 n +j+i, e nTO+ 2 n +j+i} 
for all j G {0, 1, . . . , n — 1}, S*2 is a TO _i times an isometry on 

Sp&Tl{e nrn — 2rL1 &nm— 2n+l? • * ■ ) ^nm-2n-l) ^nm+2n] ^nm+2n+l; • • • ; ^mn+2n-l}i 

S , 2 l (e„ m _2n) = am_ie„ m +3n, and S^(e nm+2n ) = a"_ 1 e„ m _„. Therefore the 
above implies that 

K"m— 2,m+2 := ^"m— l,m+l ® s P ari { e nm+nj "^(Cnro+n); • • • i "5*2 ( e nm+n)} 

is a reducing subspace of 5*2 such that the restriction of S 2 to this subspace is 
unitarily equivalent to a m -iU 2n and on 

^-m-2,m+2 := ^-m-2,m+2 ^-m-2,m+2 ^= H m - 2 H m + 2 

S 2 is a forward shift with weights a m -i- By dropping these weights to a TO _ 2 , 
we obtain a matrix M 2 such that 

||M 2 -Mi|| < ^ + |a rn _i-a m _ 2 |, 

M 2 has IC' m _ 1 m+1 as a reducing subspace such that the restriction of M 2 
to /Cm_i. m +i is a m U 2 n, M 2 has /C^_ 2jTO+ 2 as a reducing subspace such that 
the restriction of M 2 to K,' m _ 2 m+2 is a m -\U 2n , and the restriction of M 2 to 

(^m-i,m+i ® ^m-2,m+2)~ L i s an ((2m — 3)n + 1) x ((2m - 3)n + 1) matrix that 
is a nilpotent, weighted forward shift with weights 

oi, a 2 , . . . , a m _ 3 , a m _ 2 , a m _ 2 , a m -2, a m -3, ■ ■ ■ ,a 2 ,ai 

for consecutive blocks of length n (except in the case that (2m — 3)n + 1 = n + 1 
in which case we have the (n + 1) x (n + 1) zero matrix). Moreover 

\\M-M 2 \\ < max{||M - Mi||, ||Mi -M 2 ||} 

< max{^ + |a m -a m _i|, ^ + |a m _i - a m _ 2 |} 

since M and Mi only differ on /C m _i !m+ i and Mi and M 2 differ only on H m -2® 
T~im+2 which are orthogonal spaces. 

By continuing this process ad nauseum, we eventually obtain that M is 
within 

-+ max \a k+1 - a k \ 

n 0<fe<m-l 

of an operator unitarily equivalent to ^© Kfe<m dkU 2n ^ © 0„ + i where 0„+i is 

the (n + 1) x (n + 1) zero matrix. Since N := (0i<fc< m CLkU 2n ^j © 0„+i is a 
normal operator with the desired spectrum, the result trivially follows. □ 
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The following result was known to Marcoux and was communicated to the 
author. 

Theorem 6.10 (Marcoux). Lei 21 be a non-finite UHF C* -algebra. There exists 
an N G 7Vor(2t) PI Nil(%l) such that a(N) is the closed unit disk. 

Proof. Write 21 = jj^M^C) where Me, (C) ^ Me 2 (C) ^ Me 3 (C) 2| . . . is 
a direct limit of full matrix algebras with a/c injective for all k G N. Moreover 
we can assume that -7^ is composite for all fc G N and 4 > 7. 

For each k G N we will construct n k ,m k G N and ft £ NU {0} such that 
mi,m > 2, (2mfc + l)rifc + 1 + ft = 4 for all k G N, 2mfe < m^+i for all 
fc G N, 2n fe < n fe+ i for all k G N, and, if iV fe G A r or(X (2 „ lfc+1)llfc+1+gfc (C)) is 
a specific unitary conjugate of the normal matrix obtain by taking the direct 
sum of the ft x ft zero matrix with the normal matrix from Lemma 16.91 with 
n = n k , m = m k , and a 3 = for all j G {0,1,..., m k } then {N k ) k >i is a 
Cauchy sequence in 21. 

If such a sequence exists then, since adding a zero direct summand at 
most decreases the distance to the nilpotents and since limfc_>. 00 m-h = 00 and 
lim^oo n k = 00, Lemma 16.91 implies 

lim dist{N k , Nil(Me k {C))) =0. 

k— )-oo 



Thus, if N = linife^oo N k then N G N or (21) n Nil(2L) by construction. Since 
ll-^fcll _• 1j ll^ll _■ 1- Since limfe_j.oo mfc = 00 and lim.fc_i.oo n k = 00, Lemma l6~9l 
implies the intersection of o~(N k ) with any open subset of the closed unit ball is 
non-empty for sufficiently large k. This implies o~(N) is the closed unit disk by 
the semicontinuity of the spectrum. 

To show the claim is true, let m 2 = 2 and select n\ G N with n\ > 2 and 
qi G {0, 1, 2} such that 4 = (2mi + l)ni + Let iVi be as described above. 

Suppose we have performed the construction for some fixed k G N. Since -j^- 
is composite, we may write -7^ = where p, z > 2. Then, when we view N k 
as an element of M nk+1 (C), each eigenvalue of iVjt has pz times the multiplicity 
it did in M. nk (C). Let n k+ i :— pn k > 2n k and m k+ i := zm k > 2m k . Then 

(2m fc+ i + l)n k+ i + 1 = 4 + i - ((z - l)pn k +pz-l). 

Thus let ft + i := ((_ — l)pnfc +pz — 1) > so 

(2m fe+ i + l)n k+1 + 1 + ft + i = 4 + i. 

If -^Vfc+i is the normal matrix obtain by taking the direct sum of the ft x q k zero 
matrix with the normal matrix from Lemma 16.91 with n = n k+ i, m = m k+ i, and 
dj = m J k+1 for all j G {0, 1, . . . ,m k+ i}, then, by construction, we can pair the 
eigenvalues of Nk (including multiplicity) when viewed an element of M. nk+1 (C) 
with the eigenvalues of N' k+1 in a bijective way such that the difference of any 
pair is at most ^ + by our knowledge of the eigenvalues from Lemma 16.91 
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Thus there exists a unitary conjugate iV^+i of N' k+1 that is within + ^_ f 
the image of Nk in Aig k+1 (C). Since 2mfe < mfc+i for all k G N and 2nk < rtfe+i 
for all k G N, this implies (Nk)k>i is a Cauchy sequence in 21 as desired. □ 

To complete this section we will demonstrate how complex analysis may 
be used to construct additional non-zero normal operators in the closure of 
nilpotent operators. We begin with the following trivial observation. 

Lemma 6.11. Let 21 be a C -algebra and let N G Nor (21) CiNil (21) be such that 
o~(N) = B. If f : B — > C is continuous on B, holomorphic on IS, and /(0) = 0, 
then f(N) G iVor(gt) n M(2T) a nd a(f(N)) = /(B). 

T/ie same /ic^ds i/rai/i Nil(%L) replaced with QuasiNil{%). 

Proof. By Mergelyan's Theorem (Theorem 15. 8p . / is the uniform limit of poly- 
nomials on B that vanish at zero. Hence f(N) G Nor(%) n Nil(QL) by Lemma 

o □ 

Note that the following result holds for all UHF C*-algebras by Theorem 

Theorem 6.12. Let £1 be a non-empty, open, connected and simply connected 
subset of C containing zero such that dQ contains at least two points and is a 
Jordan curve. Let 21 be a C* -algebra and let N G A r or(2l) n Nil($V) be such 
that o~(N) = D. Then there exists an operator Nq G Nor{%) n iVi£(2l) with 

o-(N ) = n. 

The same holds with Nil{%) replaced with QuasiNil{%). 

Proof. Let / : ID) — ¥ Q be the biholomorphism given by the Riemann mapping. 
By Caratheodory's Theorem / extends to a function g : D — > O such that g 
is continuous on D, g is holomorphic on B, and g is a bijection. Since G 51, 
^ dft and thus there exists an a G D such that g(a) = 0. Let h(z) — =^py ■ 
Then h is a homeomorphism of the closed unit disk and is a biholomorphism of 
the open unit disk as \a\ < 1. Let F : B — > il be defined by F(z) = g(h(z)). 
Then F is well-defined, F is continuous on B, F is holomorphic on B, F is 
surjective, and F(0) = g(h(0)) = g(a) = 0. Hence, by Lemma [6.1H A^o = 
F(N) G Nor (21) n 7Vi/(2l) is such that cr(A^ ) = = H. □ 

7 Type II Factors 

In this section we will examine when a normal operator in a type II factor 
is the limit of nilpotent operators. As the classification for type II factors is 
incomplete, we will only briefly examine general type II von Neumann algebras. 
In the case of type Hi factors, the tracial state restrictions from Section 5 apply 
(see Remarks 17. 2p . However Lemma 16.91 provides a method for constructing 
elements of Nor(9Jl) DNil(dJl) for an arbitrary Hi factor DJl (see Theorem 17. 4p . 
In the case of type IIqo factors, there is an 'essential spectrum' condition (see 
Remarks 17. 5p that was unnecessary in the study of this problem for B(T-L). 
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We begin by applying the results of Section 5 to type Hi von Neumann 
algebras. 

Remarks 7.1. If 971 is a type Hi von Neumann algebra then 971 has a separating 
family of tracial states. Therefore C orollar v 1 5 . 9 1 applies . Moreover Theorem l5.15l 
applies in the case 971 is a type Hi factor. Thus, as every type Hi von Neumann 
algebra is the direct integral of type Hi factors, if N = J x N x d/i is a normal 
operator in a type Hi von Neumann algebra that is a norm limit of nilpotent 
operators then a(N x ) cannot satisfy the conditions of Theorem !5.15l on a set of 
positive ^,-measure. 

In the case that 971 is a type Hi factor, the faithful tracial state on 971 is an 
essential tool in the study of Nor{M) n Nil(Wl). 

Remarks 7.2. Let 971 be a type Hi factor and let r be the faithful, normal, 
tracial state on 971. Remarks 15.101 imply that for each N G iV or (971) there exists 
a probability measure fiN with support o~(N) defined by r. We will call //jy 
the spectral distribution of N. Note two normal operators Ni,Ns G 971 are 
approximately unitarily equivalent in 971 if and only if = /zjy 2 (see |Shj ). 
Since the question of when a normal operator is in Nil(9JV) is clearly invariant 
under approximate unitary equivalence, the elements N of iVor (971) D Nil(fM) 
can be completely classified based on /ijy. 

Due to the existence and structure of projections in a type IT factor, it 
should be significantly simpler to classify Nor (971) fl Nil(DJl) for a type IT 
factor then it is for an arbitrary C*-algebra with a faithful tracial state. In 
particular, it is hopeful that if 971 is a type IT factor and N G Nor(DJl) is 
such that hn satisfies the conditions as outlined at the end of Remarks 15.101 
then N G Nil(9Jl). A proof of this would seem to require significant knowledge 
pertaining to dist(N, Nil(A4 n (C))) for an arbitrary matrix N G Nor(M n (C)). 

Our next goal is to demonstrate several measures /ijv as described in Remarks 
[7721 such that N e Nor (971) l~l Nil(M). These measures will make full use of 
Lemma 16.91 

Lemma 7.3. Let 971 be a II\ factor, let r be the faithful, normal, tracial state 
on 971, and let N £ Nor(VJl) be such that <r(N) = D. Suppose there exists an 
increasing, unbounded sequence of natural numbers (rifc)fc>i an d rea ^ numbers 
= ao.fc < o-i.k < &2,fc < • • • < a nk+ i,k — 1 such that 



for all q £ {1, . . . , 2nk} and p G {1, . . . , n^} and E^fi * s spectral projection 
onto the closed disk of radius ai t k centred at zero then 



lim max \a p+ x,u ~ a p .k\ = 
and if Ek tPl q is the spectral projection of N onto 




r(E k , ) 



rife + 1 



and t {E k ^ p ^ q ) = 



1 




+ n k + 1 




+ n& + 1 
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for all q G {1, . . . , 2n k } and for all p G {1, . . . ,n k }. Then N is a norm limit of 
nilpotent operators from 3Jt. 

Proof. The idea of the proof is to use these projections to create a copy of 
■^2n 2 +n fc +i(^') inside 9Jt in order to apply Lemma [GUI 
Suppose N has the above conditions. For each k G N let 



2n k n k 

N k := OE k ,o + a p,ke^ q E ktPtq . 

8=1 P=l 



Then AT*, G iVor(9Jt) is such that the norm of iVfc — N is at most the maximum 
of a% t k and 

( . 7T 

max diameter wedge of radii a p k and a p+ i k with a circular angle of — 

l<p<n k \ ' n k 

by the Spectral Theorem for Normal Operators. Since linifc->.oo n k = oo and 
lim max |ap + i fc - a P;k \ = 0, 

k— foo 0<p<nfc 

N = limfc_ J , 00 N k . Thus it suffices to show lim^oo dist(N k , Nil(DJl)) = 0. 
Since 

n? \ nk + 1 

T{Ekfi) - 2nt + n k + V 

by the theory of Hi factors there exists a collection 

{Ek,o, P | P G {0, 

of mutually orthogonal, equivalent projections that sum to E k ^ each with trace 
2n 2 +n +i ' Hence, for each fc G N, the tracial conditions given in the hypotheses 
and the properties of Hi factors imply that 

{E kfi , p | p S {0, . . . , n k }} U {-Efc.p.g I q G {1, . . . , 2n fe },p G {1, . . . , n fe }} 

are mutually orthogonal, equivalent projections that sum to Jot- Thus, using 
the partial isometries between these equivalent projections as matrix units, we 
can construct a copy of A^2n 2 +n fc +i(^--) such that N k can be viewed as a normal 
operator of A^2n 2 +n fc +i('C) with 

a{N k ) = \a p . k e^ q \ q€ {1, . . . , 2n k },P G {0, 1, . . . , n fe }} 

where the multiplicity of each non-zero eigenvalue is one. Thus Lemma 16.91 
implies N k is within maxo< p < n) ._i \a p +i. k — a Ptk \ of an element of Nil(9Jl). By 
the assumption that limfc_ i . 00 maxo< p <,i fc |a p +i,fc — a Ptk \ = 0, the result follows. 

□ 
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Theorem 7.4. Let DJt be a II\ factor, let t be the faithful, normal, tracial state 
on 9Jt, and let N 6 Nor(9Jl) be such that cr(N) = D. Let fi^ be the spectral 
distribution of N . Suppose 

m {X) = / f(r)(rdrd8) 

for all X CD where rdrdO is the two-dimensional Lebesgue measure and rf(r) S 
Li([0, 1]) with f > almost everywhere with respect to the Lebesgue measure. 
Then N e Nil(M). 

Proof. The proof simply comes down to constructing the spectral projections 
satisfying the hypotheses of Lemma 17.31 The construction of the = ao, n < 
o-i.n < ■ ■ ■ < dn+i,n = 1 at the n th step is done by choosing aj+i,n such that 

n + l 2jn 

— ^ ^ = 27T / rt(r)dr. 

2n 2 + n + 1 2n 2 + n + 1 J JK ' 

Since F(x) = 2ir f Q rf(r)dr is an absolutely continuous, strictly increasing bi- 
jection from [0, 1] to [0, 1] by assumption, F _1 exists and is a strictly increasing 
continuous bijection from [0, 1] to [0, 1] such that 

- p-i ( n+1 ^JMj^_\ 

Thus linin-j.oo maxi<j<„_i |a J+ i „ — dj, n \ — as required. □ 

Theorem 16.121 can be used to modify the spectral distributions in Theorem 
mi to obtain more elements of Nor(M) n Nil(M) for a type Hi factor Tt. Of 
course there is still a large gap between these measures and the tracial restric- 
tions given in Remarks 17.21 

To conclude our discussion of the closure of the nilpotent operators in a type 
Hi factor, we remark that Lemma 3.1 of [DS] gives a complete description of 
the nilpotent operators in a type Hi factor. It is possible that this description 
may be of use in determining the intersection of the normal operators and the 
closure of nilpotent operators for type Hi factors. 

Next we turn our attention to type IIoo factors. Since type IIoo factors con- 
tain infinite projections and do not have separating families of tracial states, it 
is easier for normal operators to be norm limits of nilpotent operators. However 
there is an additional restriction that must be considered. This restriction has 
the flavour of the restrictions in Section 4. 

Remarks 7.5. Let 971 be a type IIoo factor. Then there exists a type Hi factor 
m such that = yX(§B(H). Let 97l := 9T ® min Then 9J? can be viewed as 
an ideal of 9H (that is not weak*-closed). Let q : 9JI — > SDT/SOTq be the canonical 
quotient map. For each T e M let a e {T) := a{q{T)). We will call a e (T) the 
essential spectrum of T 6 9Jt. Alternatively, 2Jlo can be shown to be the ideal 
generated by operators supported on finite projections and thus the essential 
spectrum does not depend on the decomposition of DJt chosen. 
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If T E QuasiNil(fm) then q(T) E QuasiNil(m/Wto). Hence cr e (T) must be 
connected and contain zero by Lemma 11.31 This additional condition is unnec- 
essary for B(H) as the spectrum and essential spectrum of an N E Nor(B(H)) 
agree when <r(iV) is connected. 

Let r be an unbounded trace on 971 such that r(T ® P) = t'(T) for all 
T e 5t where r' is the faithful, normal, tracial state on 9t and P E B(TL) is 
a rank one projection. As in Remarks 17.21 for each TV E 9Jt, r gives rise to a 
positive measure /ijy with support a(N) and Ni,N*j E 371 are approximately 
unitarily equivalent in 9Jt if and only if /i^ = hn 2 ( see J3h ). Thus the elements 
TV of Nor(yjl) n Nil(9Jl) can be completely classified based on /ijy. Moreover, 
note A E <r e (N) if and only if 

/x_/v({.z E C | \z — A| < e}) = oo 

for all e > 0. Thus the measure fipf captures the information about o~ e (N). 

To demonstrate that every type IIoo factor has several normal operators in 
the closure of the nilpotent operators, we first examine normal operators where 
every non-zero spectral projection is infinite. 

Theorem 7.6. Let DJl be a von Neumann algebra and let N E Nor(9Jl) be 
such that o~(N) is connected and contains zero. Suppose further that for every 
e > there exists a finite number of disjoint Borel sets {-E*,e}]~i such that 
a ( N ) = UkLi E k,e, diam(E k ^) < e, and if P k<e := XE k ,,( N ) then {• p fc,dfc=i are 
equivalent, properly infinite projections. Then N E Nil^Xft). 

Proof. Let N be as described above and fix e > 0. Fix a& E E^.c such that 
at = for the unique k E {1, . . . , n e } where E Ek, e and let T e := J2k=i a kPk,e- 
Then ||T e - N\\ < e and T e E Nor(M). 

Since P\ t is properly infinite, there exists mutually orthogonal, equivalent 
projections {Pi. e ,e}i>i such that 

Since {Pk,eYl=x are equivalent, mutually orthogonal projections, there exists 
mutually orthogonal, equivalent projections {{Pk,e,e}e>i}kLi such that 

Pk,e = P k,e,t 
t>l 

for all k E {1, . . . , n e }. 

Let B(TL) C 9JI be a copy of the bounded linear maps on a separable 
Hilbert space generated by the partial isometries implementing the equiva- 
lences of {{Pk,e,i}e>i}kLi inside of 9Jt. Thus T c can be viewed as normal el- 
ement of B(H) C 9Jt with spectrum and essential spectrum equal to 
Since cr(N) is connected and diam(Ek,e) < e for all k E {l,...,n e }, Lemma 
[3721 implies T e is within 3e of an element of Nil(B{H)) C Nil(9R). Hence 
dist(iV, Nil(M)) < 4e. □ 
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Corollary 7.7. Let DJl be a type 11^ factor and let N G Nor( < Xft) be such that 
o~(N) is connected and contains zero. If o~ e (N) — cr(N) then N G Nil(DJl). 

Proof. Since o~ e (N) = o~(N), every non-zero spectral projection of N is an in- 
finite projection in 3JI. Since 9Jt is a type Hoc factor, every infinite projection 
is properly infinite and any two infinite projections are equivalent. Thus the 
result follows from Theorem 17.61 □ 

To complete this section we have the following result that uses the spectrum 
and essential spectrum along with the known results for type Hi factors to show 
certain normal operators in a type IIoo factor are in the closure of the nilpotent 
operators. 

Proposition 7.8. Let 9Jt be a 11^ factor and write 9Jt ~ VX®B(T-L) where 91 is 
a Hi factor. Let r be an unbounded trace on 9JI such that t(T ® P) = t'(T) for 
all T G 91 where r' is the faithful, normal, tracial state on 91 and P G B(%) is 
a rank one projection. 

Let N G Nor(9Jl) be such that cr(N) and o~ e (N) are both connected and 
contain zero. Suppose further there exists an Nq G Nor(Vl) (1 Nil(Vl) and a 
k G N such that a(N ) = a(N) a nd kr' '(x x(N )) = t(xx(N)) whenever X C 
a(N) \ a e {N) is Borel. Then N G Nil(0Jt). 

Proof. There exists an Ni G TV or (91) such that a(Ni) = a e (N). Let Q G B{U) 
be a rank k projection and consider T :— N <g> Q + Ni ® (Ju — Q)- Then T G 
NoripK) has the same spectral distribution as N so T and N are approximately 
unitarily equivalent in 9JI. 

Note m®(Iu - Q)B(H)(In - Q) is a type IL^ factor and 

Ni ® (I n - Q) e Nor(m(In - Q)B(U)(I H - Q)) 
satisfies the hypotheses of Corollary 17.71 Therefore 



Ni ® (I n ~ Q) G Nil(W®(I H - Q)B(H)(I n - Q)). 



Since Nq G Nil (VI) by assumption and the direct sum of two nilpotent operators 
is a nilpotent operator, T G Nil(M). Hence N G Nil(9R). □ 



Remarks 7.9. Unfortunately Proposition [78] requires the normal operator A^o 
to be a limit of nilpotent operators from 91. Since type Hi factors have no 
self-adjoint operators in the closure of the nilpotent operators, Proposition 17.81 
does not enable us to classify SUt sa nNil(DJl) for a type IIoo factor. For example, 
using the notation of Proposition 17.81 let No G 91+ have the Lebesgue measure 
on [0, 1] as its spectral distribution. Then Nq ^ Nilfil) yet, if P € B(H) is a 
rank one projection, it might be possible that iVo (8 P G Nil(D3l). 

One way to view this problem for this particular No is as follows. From 
Example 16.31 we know 



12 2" — 1 
Hminf dist ( diag (—,—,..., 1 ) ,Nil(M n (C)) ) > 
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so it is not possible to use spectral projections in to approximate Nq with 
nilpotent matrices of this form. However, in DJI, the spectral projection of N <S>P 
corresponding to {0} is infinite. This allows us to add an infinite number of zero 
eigenvalues to any matrix in a matrix approximation of iV ® P inside DJl. In 
particular, if 

/ / 1 2 2™ — 1 \ \ 
hminf lirninf dist [diag (—,—,..., — ^ — , 1 J © k ,Nil(M n+k (C)) = 

where k is the k x k zero matrix, it would be easy to conclude that N <8> P G 

jv*/(oh). 

In fact, this limiting question is intrinsically related to the distance from a 
normal operator in B(%) with finite spectrum to Nil(B(Ji)). 

Proposition 7.10. Let n G N and let a\,...,a n G C. Le£ {e„}„>i oe an 
orthonormal basis for H and define D G Nor(B('H)) by Dej = ajej if j G 
{1, . . . , n} and Dej = otherwise. Then 

lim dist (diag (oi, . . . , o n ) © fe , ATiZ(jW„ + fc(C))) = dist(£>, B(^ 2 (N))). 

fc— >oo 

Proof. It is clear that dist (diag (a\, . . . , a n ) © k , A/"ii(A1„+fe(C))) decreases as 
fc increases so the limit exists. Moreover 

lim dist (diag (oi, . . . , a„) © fc , ATiZ(jW n+ fc(C))) > dist(L>, S(£ 2 (N))) 

fc— >oo 

by considering the direct sum of nilpotent matrices with a zero operator. 

Let M G Nil(B(U)) be arbitrary. Let m G N be such that M m = 0, let 
C := span{ej | j G {1, . . . , n}}, and let 

K = span{£, M(C), M m_1 (£)}. 

Clearly is a finite dimensional Hilbert space containing £ that is invariant 
under M. Choose k G N U {0} such that dim(K) = k + n = k + dim(C). With 
respect to the decomposition /C © /C- 1 of H, write 



" T 


" 


and M = 


' Mi 


M 2 " 











M 3 _ 



By construction T can be viewed as an (k + n) x (k + n) matrix that is unitarily 
equivalent to diag (a\ , . . . , a n ) © k - Moreover Mi can be viewed as an (k + n) x 
(k + n) nilpotent matrix as M is nilpotent. Therefore 

dist (diag (a-i,...,a n )® k , Nil(M n+k (C))) < ||T- MJ < ||£>-M|| 

so the result follows. □ 

Some work towards evaluating the distance between a normal operator N of 
B(J-L) with finite spectrum and Nil(B(H)) has been performed. One example 
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of this is Lemma 13.21 which investigates the above distance when the spectrum 
and essential spectrum of N agree. Another example is Theorem 2.3a of |Saj 
which gives a bound for dist(N, Nil(B{Ti))) based on the spectrum and essential 
spectrum of N . Unfortunately the bound from [Saj does not appear to be tight 
in this setting. 

Alternatively, looking at the limiting property, Theorem 2.12 of |Hel] (orig- 
inally in section 7 of |He4] ) shows 

lim dist(P n ,Nil(MJQ)) = l 

where P n £ A4 n (C) is an arbitrary rank one projection. Moreover, in |Malj and 
|Ma2j . a tight upper bound for dist(P n , Nil(Mni'C))) has been obtained and 
examples have been given that obtain this bounded for small n. 

Note Lemma 12.21 and Corollary 15.41 are the only two obvious lower bounds 
for dist(A, Nil{M. n {C))) for an positive matrix A G A4 n (C) of norm one. This 
provides some support to the following conjecture. 

Conjecture 7.11. There exists a continuous function f : [0, l] 2 — > [0, 1] such 
that /(0, 0) = and, if A S Aik+i(C) is a positive matrix of norm one with 
a (A) = {0 = A < Ai < • • • < A fc = 1}, then 

dist(A,Nil(M k+1 (C))) < f \T k+1 (A), max |A;-A;_i| ] 

V l<i<k I 

where t^+i is the tracial state on .M/c+i(C). 

If the above conjecture holds, it would be a simple argument to show that 
if is a type IL^ factor and if A S 9Jt SQ , then A G Nil(M) if and only if a (A) 
and o~ e (A) are connected and contain zero. It would then be possible to use 
some elementary mapping arguments to show that if DJl is a type IIoo factor and 
if N e Nor(M), then N e Nil(M) if and only if a(N) and a e (N) are connected 
and contain zero. 



8 C*-Algebras with Dense Subalgebras of Nilpo- 
tents 

In |Rej . Read gave an example of a separable C*-algebra that contains a dense 
subalgebra consisting entirely of nilpotent operators. In this section we will 
use Lemma 12.11 and the construction in |Rej to construct an approximately 
homogeneous (and thus separable, nuclear, and quasidiagonal) C* -algebra that 
contains dense subalgebra consisting entirely of nilpotent operators. It will also 
be demonstrated that there exists an AF C*-algebra with a C*-subalgebra 2) 
where 2) = Nil(D). 

Construction 8.1. By Lemma [2~T1 thcre exists finite dimensional Hilbert spaces 
{Hn}n>i, positive matrices A n £ B{'Hn) of norm one, and nilpotent matrices 
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M n G B(H n ) such that Yl n >i W^n — M n \\ < oo. Since each A n is a positive 
matrix with norm one, there exists unit vectors £ ra € T-L n such that A n £ n = £„ 
for all neN. 

We will use {"%„}„> 1 and 1 to generalize Read's construction. Con- 

sider the sequence of pointed Hilbert spaces CH n ,£n)- For each n < m define 
®l=i'Hk -> ®k=i H k such that 

^n,m(m ® T]2 g) • • • ® T) n ) = Tft g) Tfr 8) • • • ® Jfa. ® ® £n+2 (8) ••• ® Cm- 

Let /C := ®^i"Hk be the completion of the direct limit of the nested sequence of 
Hilbert spaces ®2 = -/H.] e with the connecting maps <fi n , m - Since each Hk is sepa- 
rable, each <8>fc =1 %fc is separable and thus /C is separable. Let 0„ : <8>k =1 Hfc — > /C 
be the natural inclusion. 

We will maintain the above notation throughout the rest of this section. 

The following are new versions of Lemma 0.3 and Corollary 0.4 of [Re] that 
will serve our purposes. We omit the proofs as they follow as in |Rej . 

Lemma 8.2. Let (S n ) n >i be a sequence of operators with S n G B{% n ) such 
that 

C := \\ max{||5 n || , 1} < oo and J~] \\S n £ n - £ n \\ < oo. 
n>l n>l 

Then there exists a unique operator S' G £>(/C) such that S'(<p n C) = S' n £ for 
each £ G ®^ =1 Hk where S' n := Iimm-^oo S' nm where, for each m > n, S' n m : 
— * * s defined by 

S'„, m = <t>m ° (®iLlSi) ° 0n,m- 

We will use ®^ =1 S n to denote S' . 

Corollary 8.3. Let S' = ®^ =1 S n and R! = ®™ =1 R n be elements of BQC) as 
constructed in Lemma \8.2[ Then 

\\S'-R'\\ <C S C R J2\\Sn-Rn\\ 
n>l 

where 

C s := JJ max{l, ||5 n ||} and C R := J] max{l, \\Rn\l}. 

n>l n>l 

Construction 8.4. Let *B be the C*-algebra of B(JC) generated by all operators 
of the form ®^L 1 S'„ given by Lemma HT2l Let £a be subset of 93 containing all 
operators of the form ® n ° =1 S n from Lemma [8.21 such that there exist a k G N 
such that S n — A n for each n> k. Since J2 n >i \\A n £,n — £n|| = and \\A n \\ = 1 
for all n G N, £a is non-empty. Let £ be the C* -algebra generated by £a- Note 
that £a is a self-adjoint set so £ is the closure of the algebra generated by £a- 

Lemma 8.5. The C* -algebra £ from Construction \8. 4\ is nuclear, quasidiagonal, 
approximately homogeneous, and separable. 



41 



8 C* -ALGEBRAS WITH DENSE SUBALGEBRAS OF NILPOTENTS 



Proof. For each k G N let £& be the C*-subalgebra of £ generated by all opera- 
tors of the form ®^Li>SVi from Lemma [8721 such that S n = A n for all n > k. Then 
€k is isomorphic to B(Hi) ® m i n • ■ ■ ®min B(Hk) ®min 2lfe+i where 2lfe+i is the 
abelian C*-algebra generated by the infinite tensor <^ n ° =k+1 S n where S n = A n 
for all n > k. Since £ is the inductive limit of the £fc's, the result follows. □ 

Theorem 8.6. The C* -algebra € from Construction \8~~$\ has a dense subalgebra 
OT such that every operator of 91 is nilpotent. 

Proof. This proof is nearly identical to Theorem 1.2 of |Rej where the only 
changes are our simple modifications. Let Sn be the subset of 58 consisting of 
all operators of the form ®^_yS n from Lemma 15721 such that there exist a k G N 
such that S n = M n for all n > k. Let 91 be the (not necessarily closed nor 
self-adjoint) subalgebra of 58 generated by £^. It suffices to show three things: 
1) 91 C £; 2) 91 is dense in £; 3) every operator of 91 is nilpotent. 

Proof of 1): It suffices to show that £n Q £• To begin we will show that 91 is 
not empty. Suppose that (S n ) n >\ is a sequence of operators where S n G 
for all n G N and S n = M n for all n > k for some fixed k G N. Since ||^4„|| = 1 
for all n G N and J2 n >i W M ™ < 00 ; E„>i I l^ll - 1| < oo and so 

n 7l > 1 max{l, H^nll} < oo. Moreover, since Y, n >i "fill = °> 

J] \\Sn£n - (n\\ < £ \\ M n ~ M + £ W A ^ ~ &II < 00. 

n>fc n>fc n>fc 



Hence Lemma 18.21 implies that the operator <S>^ =1 S n exists. Hence 91 is not 
empty. 

Fix a sequence (S n ) n >i of operators where S n G B{% n ) for all n G N and 
S n = M n for all n > k. For each to > k define i? m := (<g>™ =1 S„)<g> (<g)£l m+;L A n ) . 
Then {-R m }m>A; C £4 by construction and, by Corollary 18. 3| 



||®~ =1 5 n -ii ro || < (JJ max{||S„||,l} j ^ |L4„-M n ||. 

V n>l / n>m+l 

Therefore, since limm^oo E n > m +i II — ^n|| = 0, ®n° = iS n is in the closure of 
{R m }m>k and thus (g)^L 1 S , n G £. Hence 91 C £ as desired. 

Proof of 2): It suffices to show that £a is in the closure of 91 since £ is the 
closure of the algebra (and not * -algebra) generated by £a- Fix an operator 
T := (<8>*=iS«) ® i®n=k+i A n) G £a- For each to > fc let R m := (<8>™ =1 S„) ® 
(®» m+1 M n ). Then {R m } m > k C 91 and, by Corollary [831 ||T - i? m || is at 
most 

(^^{11^11,1}) (n^n^ii' 1 }) e ik -^ii- 

\n=l / \n>l I n>m+l 

Therefore, since linim^oo J2 n >m+i \\ A n — ^n|| = 0, T G 91. Hence £a is in the 
closure of 91 so 91 is dense in £. 
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Proof of 3): Notice that every operator N of 91 can be written in the form 



i 

JV = X>®(®£ n+1 M/0 

k=l 

for some n, I £ N and Si, . . . ,S( £ B (®/J =1 %fc)- Therefore, since there exists an 
m n+ i £ N such that M™™^ 1 = 0, N mn+1 = (by the trivial computation that 
(®^Li-R«) (®^=i-Rn) = ®"n=iRnR' n )- Hence N is nilpotent so every operator of 
91 is nilpotent. □ 

One interesting consequence is the following which is quite surprising since 
every other C*-algebra 21 with Nor (21) Pi Nil (21) ^ {0} studied in this paper has 
had a plethora of projections. 

Corollary 8.7. Let £ be the C* -algebra from Construction \8~^\ Then o~(T) is 
connected and contains zero for all T £ €. Thus £ is projectionless. 

Proof. The result is trivial by Theorem 18.61 and Lemma 11.31 □ 

To conclude this section we will demonstrate that there exists an AF C*- 
algebra that contains a C*-subalgebra D such that 2) = Nil(T>). This demon- 
strates that the study of the closure of the nilpotent operators in an AF C*- 
algebra is incredibly complex. To begin we note the following trivial observation 
from the proof of Theorem [ 



Lemma 8.8. Let £ be the C* -algebra from Construction \8.J\ let 9t be the subal- 
gebra of £ from Theorem \8.6\ and Ni, . . . , N m £ 9t. Then there exists an £ £ N 
(depending on N%, . . . , N m ) such that N ni N n2 ■ ■ ■ N nt — for any selection of 
rij £ {1, . . . , m}. 

Proof. This result is trivial by the structure of elements of 91 from the third 
part of the proof of Theorem 18.61 □ 

Lemma 8.9. Let £ be the C* -algebra from Construction \S~4\ and let 91 be the 
subalgebra of £ from Theorem \8.6\ The subalgebra 



C o (0, 1] 91 := { fj ® Nj | m £ N, Nj £ 91, f s £ C* o (0, 1] 

of Cq(0, 1] <8> m in £ is dense and consists entirely of nilpotent operators. 

Proof. Clearly Co(0, 1] 91 is a dense subalgebra of Cb(0, 1] ® m in £ as 91 is a 
dense subalgebra of £. Let Y^Li fj®Nj G Co(0, 1] 091 be arbitrary. By Lemma 
18. 81 there exists an £ £ N such that N ni N n2 ■ ■ ■ N ne = for any nj £ {1, . . . , m}. 

Thus {j2"Li h ® N j) 1 = so ever y element of C (0, 1] 91 is nilpotent. □ 

Proposition 8.10. There exists an AF C* -algebra 21 and a C -subalgebra T> of 
21 such that 2) has a dense subalgebra consisting entirely of nilpotent operators. 
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Proof. Let £ be the C*-algebra from Construction!!^ Note D := C o (0, l]® m in£ 
is AF-embeddable by Lemma [831 and by Theorem 8.3.5 of |BOj . Thus the result 
follows from Lemma 1831 □ 



9 Normal Limits of Sums of Nilpotents 

In |He2] . Herrero also examined Nor(B(T-L)) Pi span(Nil(B(H))) . In particular, 
Herrero showed that every normal operator in B(TL) was the limit of sums of 
two nilpotent operators. More recently, [Mar] gives an excellent overview of the 
results pertaining to the span of nilpotent operators with nilpotency index two. 
In particular, Theorem 5.2 of |Marj shows that if 071 C B(TL) is a weakly closed, 
unital C*-algebra with infinite multiplicity (i.e. 971 ~ 97Tcg>,S('H)) then every 
element of 971 is the sum of eight nilpotent operators with nilpotency index at 
most two. 

In this section we will investigate Nor($l)nspan(Nil('2l)) for the C*-algebras 
previously studied in this paper. In the case of unital, simple, purely infinite C*- 
algebras and type I and type III von Neumann algebras with separable predual, 
Herrero 's results generalize (see Theorem 19. 1[ Theorem 19.41 and Theorem 19. 5[) . 
Such results will clearly fail for C*-algebras with tracial states and AF C*- 
algebra. Finally we will demonstrate surprising result that Herrero's argument 
holds for type IIoo factors. 

We will proceed with these results in an analogous order to that used in this 
paper. 

Theorem 9.1. Lei 21 be a unital, simple, purely infinite C -algebra. Then 

2l SQ C {M l + W 2 | Mi,M 2 G JViZ(a)} 

and 

21 C {Mi + M 2 + Ms + Mi | Mi, M 2 , M 3 , M 4 e iViZ (21)}. 

Proof. Clearly the second result follows from the first by considering real and 
imaginary parts. To prove the first result, we will first demonstrate that 

H G {Mi + M 2 | Mi,M 2 e AzZ(2i)}. 

Note that there exists a positive operator A G 21 such that a(A) = [0, 1]. Thus 
A and 1% — A are limits of nilpotent operators by Theorem 12. 81 for Proposition 
12.51) which completes the claim. 

Let A £ 2l sa be arbitrary and fix e > 0. Since 21 has real rank zero (see 
Theorem V.7.4 of jDaj ) . there exists non-zero orthogonal projections {Pk)k=i — 
21 and scalars {afc}£ =1 such that ||Xji-=i a kPk — A\\ < e. Since each Pfe2tPfe is 
a unital, simple, purely infinite C*-algebra with unit is a limit of the 

sum of two nilpotent operators from Pfe2lPfe. Since the direct sum of nilpotent 
operators is a nilpotent operator, X)fc=i a fcP= is a limit of sums of two nilpotent 
operators from 21 and thus the result follows. □ 
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Corollary 9.2. Let % be a unital, simple, purely infinite C* -algebra and let 
N € Nor (21) be such that XI - N G 21q 1 for all A G C \ a(N). Then 

N G {Mi + M 2 | Mi , M 2 G iViZ(2l)} 

Proof. The result follows from the same argument in Theorem 19 . 1 1 where JV can 
be approximated by normal operators with finite spectrum by Theorem l2.6l □ 

We note that if 21 := O n is the Cuntz algebra generated by n isometries then 
% l = 2T 1 by [CuJ. Thus Nor{O n ) C {M x + M 2 | Mi,M 2 G Nil(O n )} for all 
n G N. 

In Corollary 5 of He2], Herrero showed that the unit of B(H) is a limit of 
sums of two nilpotent operators. In particular, this result easily holds for von 
Neumann algebras with no finite direct summand. 

Proposition 9.3. Let 971 be a type 1^, Hoc, or type III von Neumann algebra. 
Then there exists sequences of nilpotent operators (Mi , n )n>i i n 9^ such that 
I m = lim^oo M 1>n + M 2) „. 

Proof. The result holds in B(H) by Corollary 5 of |He2j . Since each type loo, 
Hoc, and type III contains a unital copy of 3(71), the result follows. □ 

Our next goal is to generalize Corollary 6 of |He2j to type I and type III von 
Neumann algebras. The arguments used in these two results are a modification 
of the arguments in |He2] using the theory developed in Section 3. 

Theorem 9.4. Let 97? := L oc (X, B(H)) where (X,[i) a Radon measure space 
and let f G Nor(DJV). Then there exists two sequences (M„)„>i and (M' n ) n >i 
of nilpotent operators in 971 such that 

hm ||/ -(M n + M' n ) || =0. 

n— foo 

Moreover, these sequences can be chosen such that max{||M„|| , ||M^||} < | ||/||. 

Proof. Fix e > and choose a representation of / such that sup^g^ || < 00 
and f(x) is normal for every x G X. Since / is measureable, the range of / 
is separable and x n> ||/(x)|| is a measureable function. As such there exists 
{T n }n>i C f(X) and disjoint measureable subsets {E n } n >i C X such that if 
h := J2 n >i T nXE n (so h G 97t) then \\h - f\\ < e. Since T n G f(X) for all n G N, 
T n is normal and ||T„|| < ||/|| for all n G N. 

For each n G N choose A„ in the essential spectrum of T n and fix R n G 
Nor(B(H)) such that the spectrum and essential spectrum of R n is the closed 
ball of radius ||T„|| around zero. For each n G N let 

S n := + ^ G B(H) and S' n := - R n G B{H). 

Thus for each n G N the spectrum and essential spectrum of S n and S' n are the 
closed unit ball of radius ||T n || centred at fy. 
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Recall that M 2 {B{V.)) ~ B(U). For each n G N let 

L n ■= Qr„^ © S„ e M 2 {B(H)) and Lj, := Qr„^ S' n G M 2 {B{U)). 

Therefore, for each n G N £„,i^ G TV or (A4 2 (#(%))) and cr(£„) and cr(i^) 
are connected and contain zero. Moreover, since {L n ,i^}ri>i is bounded in 
norm by | ||/||, Lemma I531 implies there exists a g G N and {Q n ,Q' n }n>i Q 
Nil(M 2 (B(H))) such that ||Q n || , \\Q'J < f ||/||, \\L n -Q n \\, \\L' n - Q'J < e, 
and Ql = = (Q' n ) q for all neN. 
Notice 

L„ + L'„ = T„ © {S n + S' n ) = T n © {X n I n ). 

Since A„ was chosen to be in the essential spectrum of T„, under the isomor- 
phism M2(B(H)) — B(H) T n and L n + L' n are approximately unitarily equiva- 
lent. Thus the above implies there exists {M n , M^} n >i C Nil(B(H)) such that 
||M„|| , ||M;|| < f H/ll, Ml = = {M' n )% and ||T„ - (M„ + M^)|| < 3e for all 
n G N. Therefore, if we define 



then <?i,g2 G Nil(fXH) are such that ||gi|| , ||<7 2 || < § ||/|| and 

- (.91 + .92)|| < sup ||T„ - (M„ + M;)|| < 3e. 

n>l 

Thus ||/ — (.91 + .92)|| < 4e completing the proof. □ 

Theorem 9.5. Let 2Jt be a type III von Neumann algebra with separable predual 
and let N G Nor(DJl). Then there exists two sequences (M„)„>i and {M' n ) n >i 
of nilpotent operators in 371 such that 

lim \\N -{M n +M' n ) || =0. 

Moreover, these sequences can be chosen such that max{||Q n || , ||Q'J|} < § ||iV|| 
for all neN. 

Proof. Most of the arguments of this proposition are similar to those used in 
Theorem 13.71 and thus will be omitted. Since DJl is a type III von Neumann 
algebra with separable predual, there exists a locally compact, complete, sep- 
arable, metrizable, measure space (X, fj) and a collection of type III factors 
(%R x )xeX with separable predual such that £Dt is a direct integral of (0Jt x )xex- 
Thus we can write N = Jj? N x d[i(x) where N x G 9Jl x is a normal operator and 
\\N X \\ < \\N\\ for all x G X. Without loss of generality, ||JV|| = 1. 

Let e :— i for some fixed m G N and let Ck,e and be as in Theorem 
13.71 Since the number of possible Y's is finite, it suffices to show that for each Y 
there exists two nilpotent operators My and M' Y in 9Jt such that the supports 
of My and M' Y are Xy and N is within 3e of My + M' Y when restricted to Xy . 



46 



9 NORMAL LIMITS OF SUMS OF NILPOTENTS 



Fix a potential Y and for each (k, £) G Y let zt.g G Ck : i be any element 
within the closed unit ball. As in Theorem 13. 71 there exists equivalent, pairwise 
orthogonal, measureable projections {{{x n> P x ,k,e,w)}(k.e)eY}w>i such that 

\ (k,£)eYw>l 

is a measureable and decomposable operator in 971 that has Xy as support and 
is within 2e of the restriction of N to Xy. 

To construct our nilpotent operators, let Dy be the diagonal operator on 
a separable Hilbert space H with orthonormal basis {{&k,l,w}(h,i)&Y^Sw>i such 
that Dy(ek,e, w ) — Zk,£ek,£,w for all w G N and (fc,£) G F. By Corollary 6 of 



He2] (or by Theorem IP) there exists an q£\Q^ G Nil(B(H)) such that 

} (2)s > < e. For 



< § ||I>y|| < | \\N\\ for j G {1,2} and Dy - (Q$> + Q$>) 
each i0i,i02 G N, j G {1,2}, and (fci,^i), (£2,^2) G F let 

a (fci,£i,«ii),(fc 2 ,£ 2 ,to 2 ) := (Qy e li2A,»2) e iiA,«i) e C 
and let (x i-> Vwfe 1 ^ liU , 1 y(k 2i £ !i . UJ2 )) G 971 be the partial isometry such that 

(x (-> V x ^ki,ei,wi),(k 2 ,e2,w 2 )) (x h-> ^4 i (fe 1 ^ 1)Wl ) i (fe 2 ^ 2iW2 )) =(lH ^X,fel,^l,lUl) 

and 

^> Ke,(AiA,*«ui)>(*2,4!,tua)) (x h-> T4 ! ( fclj £ ljU;i ) i ( fe2: £ 2!tl , 2 )) = (a; H4 Par.fcaA,^)- 

Finally for j G {1,2} let 



:— ( X (->• ^ ^ a (kl,i 1 ,Wl),(k2,<2,'U)2)^ ! .( fc lA,t"l).(fc2,<2,«'a) 

toi,u) 2 >l (k 1 ,e 1 ),(k 2 ,e 2 )£Y 

which are measureable, decomposable, nilpotent operators in 971 whose sum is 
within e of Ty. Thus the result follows. □ 

In the case of a C*-algebra 21 with a tracial state, the following demonstrates 
that Nor (21) £ span(QuasiNil{%)). 

Proposition 9.6. Let 21 &e a united C* -algebra with a tracial state r. Then 



span(QuasiNil(Ql)) C fcer(r). 



TTms /21 ^ span(QuasiNil{%)). 

Proof. This result follows trivially by Lemma 15.31 □ 



For AF C*-algebras, the existence of faithful tracial states on finite dimen- 
sional C*-algebras enables us to extend the above result. 
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Lemma 9.7. Let 21 be a unital AF C* -algebra and let T £ 21. Then each of the 
following sets is either the empty set or a singleton. 

1. (agC I A/ a + T G QuasiNil(%)\. 



2. | A G C | A/a +T g span(QitasiJVi/(Sl))|. 
Proof. We shall only prove the first claim as the other follow verbatim. Suppose 

| A G C | A/a + T G QuasiNil (21) } 

is non-empty. Without lose of generality T G Quasi Nil($i). Since 21 is a unital 
AF C*-algebra, 21 = U fe >i^fe where 2li ^ 2t 2 ^ 2l 3 ^ ■ • • is a direct limit 
of finite dimensional C*-algebras with a k unital and injective for all k G N. 
Therefore there exists G 21& such that T = lim/ £ _ s . 00 Tk . However, since 
T G QuasiNil (21), Proposition 16. f I implies that T = lim^oo where Mfc G 
JV*1(0*) for all fc G N. Hence lim hoo ||T fc - M fc || = 0. Thus lim^ ir a ,(T fc ) = 
(where ira fc is any faithful tracial state on 21ft) as every nilpotent matrix has 
zero tracial state. 

Fix A G C \ {0}. Then A/ a + T = liim^ \I* k + T k . If A/a + T G 
QuasiNil{Qi) then the above argument implies that lim / t_i. 00 ira fc (A/a fc +7fc) = 
which is impossible as A ^ and limfc-s.oo tr<% k (Tk) = 0. □ 

Corollary 9.8. Let 21 be a unital AF C* -algebra. Then 

1% £ span(QuasiNil($V)). 

Proof. Note G span(QuasiNil('Qi)) and apply Lemma \9. 71 □ 

We end this section by generalizing Corollary 6 of |He2j to type IIoo factors. 

Theorem 9.9. Let 9Jt be a type 11^ factor and let N G Nor(dR). Then there 
exists two sequences (M n ) n >i and (M' n ) n >i of nilpotent operators in StJt such 
that 

lim \\N -(M n + M' n ) II =0. 

n—toc 

Moreover, these sequences can be chosen such that \\M n \\ ,\\M^\\ < |||iV|| + 
dist(0,a e (N)) for all n G N (where <J e (N) was defined in Remarks \7.5\ ). 

Proof. Let A G cr e (N) be any point such that |A| = dist(0,a e (N)) and let 
R := ^(||VV| + |A|). Let M be a normal operator in 9Jt such that a(M ) and 
er e (Mo) are both the closed ball of radius R around 0. Let Mi := ^Im + Mq 
and M 2 := ±I m - M . Thus a (Mi), (7 e (Mi), a(M 2 ), and a e (M 2 ) are all the 
closed ball of radius R around ^ . 

Since 9Jt is a IIoo factor, there exists a unital embedding of Ai 2 (9Jl) into 
971 such that N © (\I<m) an d N are approximately unitarily equivalent (as A G 
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a e (N)). Let L x := \N © M x E M 2 {M) and L 2 := |iV © M 2 E M 2 (M). By 
construction it is clear that Li + L 2 = L © (Xlm), 

||Li|| = ||La|| y = 511^11 + dist(0,a e (N)), 

and o(Li) = o~ e {Li) and a{L 2 ) = o~ e {L 2 ) are both connected sets containing 
zero. Since .M2(9ft) is also a IIoo factor, Corollary 17.71 implies that L\ and L2 
are norm limits of nilpotcnt operators from M 2 (9Jl). Hence there exists two 
sequences (M n )„>i and (M^) n >i of nilpotent operators in A4 2 (D)l) C 971 such 
that 

lim || JV © (A/) - (M n + M')\\ = 

and ||Q„|| , HQ;!! < \ \N\ + dist(0, a e {N)) for all n E N. Hence AT © A/ is a 
norm limit of sums of nilpotent operators from Ai 2 (yjV) C 9JI with the desired 
properties. Since N ® XI and iV are approximately unitarily equivalent in SUt, 
the result follows. □ 



10 Distance from Projections to Nilpotents 

In |He2] . Herrero examined the distance between an arbitrary fixed projection 
P E to the nilpotent and quasinilpotent operators. In particular, Herrero 

showed that these distances were equal and either 0, 1, or i. Additional work 
has been done to obtain bounds for dist(P, Nil(M n (C))) where P E M n (C) is 
a rank one projection (see |Malj and |Ma2| ) . 

In this section we will investigate the distance from an arbitrary fixed projec- 
tion to the nilpotent and quasinilpotent operators for the C*-algebras previously 
studied in this paper. In the case of unital, simple, purely infinite C*-algebras 
and type I and type III von Neumann algebras with separable predual, Herrero's 
results generalize (see Theorem 110.21 Theorem 110.31 and Theorem 110.41) . Such 
results are clearly more difficult to obtain for C*-algebras with faithful tracial 
states. Finally we will demonstrate that Herrero's result generalizes to type IIoo 
factors. 

We will proceed with these results in an analogous order to that used in this 
paper. To simplify matters, we note the following result. 

Lemma 10.1. Let 21 be a unital C -algebra. Then 

dist(I%, Nil(Ql)) = dist(L z ,QuasiNil(^l)) = 1. 
Moreover, if P E 21 is a non-trivial projection then 

i < dist(P,QuasNil(&)) < dist(P, Nil(%)) < 1. 

Proof. The first claim follows since nilpotent and quasinilpotent operators are 
not invertible and the open unit ball around /a contains invertible operators. 
The second result follows trivially from Lemma 12.21 □ 
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Theorem 10.2. Let 21 be a unital, simple, purely infinite C* -algebra and let 
P G 21 be a projection. Then 

1. dist(P, Nil(&)) = dist(P,QuasiNil{%)) = if P = 0, 

2. dist(P,Nil(%)) = dist(P,QuasiNil(&)) = 1 if P = J a , and 

3. dist{P,Nil{%)) = dist(P,QuasiNil{^)) = \ otherwise. 

Proof. Clearly 1) and 2) hold by Lemma [10.11 To see that 3) holds, it suffices 
to show 

dist(P,Nil(%)) < - 

by Lemma 110.11 Since 1% — P is a properly infinite projection, for each k G N 
there exists orthogonal projections i?i,fc, i?2,fe, ■ • ■ , Rk,k such that Ylj=i Rj,k — 
L% — P. Moreover P is equivalent to a proper subprojection Qj t k of every Rj r k- 
Let 

k 

Q k ■.^P + Y.Qj.k- 
Then P G Qk'&Qk for all k G N. Thus it suffices to show that 
w£ dist(P,M(Q k XQk)) < \- 

Since 

{P} U {(J,,}>: : 

is a set of equivalent, pairwise orthogonal projections in 2t, we can use the 
partial isometries implementing the equivalence to construct a copy of A4k+i(C) 
with these projections as the orthogonal minimal projections. Moreover, by 
construction, inside this matrix algebra P is a rank one projection. Thus, by 

Theorem 2.12 of |Helj . P is within i + sin ^ m ^ +1 ^ (where mk is the integer 
part of | ) of a nilpotent matrix. Thus 

1 / 7T 

dist(P,Nil(Q k $lQ k )) < - + sin 

2 \ m fc + 

so the result follows. □ 

Our next goal is to generalize Corollary 9 of [He2j to type I and type III von 
Neumann algebras. These arguments are simple generalizations of Corollary 9 
of |He2] based on the techniques used in Section 3. 

Theorem 10.3. Let (X,fi) a Radon measure space. Then 971 := L QO (X, B(H)) 
is a type 1^ von Neumann algebra and every type 1^ von Neumann algebra 
with separable predual has this form. Moreover if P G 9Jt is a projection then 

1. dist(P, Nil(m)) = dist{P,QuasiNil{m.)) = 0ifP = 0, 
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2. dist(P,Nil(m)) = dist(P,QuasiNil(m)) = 1 if P{x) has finite dimen- 
sional kernel on a set of positive fi-measure, and 

3. dist(P,Nil(m)) = dist(P,QuasiNil(Wl)) = \ otherwise. 

Proof. Clearly 1) holds. To see that 2) holds, note if M G Nil(M) then M(x) G 
Nil{B(H)) for almost every x G X and if M G QuasiNil(Wt) then M(x) G 
QuasiN il(B(H)) for almost every x S X . Therefore, if P G 971 is a projection 
where P(x) has finite dimensional kernel on a set of positive /i-measure, then 
P(x) is a projection with finite dimensional kernel on a set of positive /i-measure. 
Since every projection in B(H) with finite dimensional kernel is distance one 
from the nilpotent and quasinilpotent operators (by Corollary 9 of He2]), the 
above description of the nilpotent and quasinilpotent operators of DJl implies 
dist{P,Nil{m)) = dist(P,QuasiNil(M)) = 1. 

To see that 3) holds, we note it suffices to show 

dist(P,Nil(M)) < i 

by Lemma Tl 0.1 1 Fix e > 0. Note we can choose a representation of P such that 
P(x) is a projection with infinite dimensional kernel for every x G X. Since P 
is measureable, the range of P is separable and x t-> ||P(x)|| is a measureable 
function. Thus there exists {P„}n>i £j P(X) and disjoint measureable subsets 
{E n } n >i C X such that if 

n>l 

(so Q G 9JI) then \\Q - P\\ < e. 

Since P n G f{X) for all n G N, each P„ is rather the zero projection, 
a projection with infinite range and kernel, or a projection with finite range. 
Since each projection with finite range can be viewed as the direct sum of 
rank one projections, Corollary 9 of |He2] implies there exists a q G N and 
{M n }„>! C Nil(B(H)) such that \\P n - M n \\ < ± + e and M« = for all n G N. 

Let 

n>l 

Then M G art, \\P - M\\ < \ + 2e, and M« = so M G Nil(M). Hence 

dist(p, jva (art)) < i. " □ 

Theorem 10.4. Let 9rt be a type III von Neumann algebra with separable pre- 
dual. Then there exists a locally compact, complete, separable, metrizable, mea- 
sure space {X,n) and a collection of type III factors {^ffi x )xex with separable 
predual such that 9JI is a direct integral of (art x )xeX- If P G 9rt is a projection, 
we may write P — J x P x d[i{x) where P x G VJl x is a projection for all x G X . 
Then 

1. dist{P,Nil{m)) = dist{P, QuasiN il{m)) = if P = 0, 
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2. dist(P,Nil(m)) = dist(P,QuasiNil(ffl)) = 1 if P(x) = on a set of 
positive \x-measure, and 

3. dist(P, Nil(m)) = dist(P,QuasiNil(m)) = § otherwise. 

Proof. Clearly 1) holds. To see that 2) holds, note if M G Nil(M) then 
M x € Nil(ffl x ) for almost every x G X and if M G QuasiNil(Wl) then 
JI4 G QuasiNil(9Jl x ) for almost every a; G X. Therefore, if P G 9H is a 
projection where P(x) = Im x on a set of positive /x-measure, then, since 

dist(I mx ,Nil(Wl x )) = dist(I mx ,QuasiNil(Wl x )) = 1 

for all x G X, dist(P, Nil(M)) = dist(P,QuasiNil(M)) = 1. 
To see that 3) holds, we note it suffices to show 

dist(P, Nil(m)) < i 

by Lemma 110.11 Since 9Jt is a type III von Neumann algebra, every non-zero 
projection of SOT is properly infinite. Thus, as P = (x 1— > P x ) is non-zero, 
(x 1— > P x ) is a properly infinite projection. Thus there exists equivalent, pairwise 
orthogonal, measureable projections {(x <— ¥ P x ,w,i)}w>i such that 

(x H>P ic ) = ^](x^ P x ,«;,l). 
w>l 

Let Z G €0t be the central support of P and let Q := (I<m — P)Z . Thus 
P and Q have the same central support Z as Isgt x — P x ^ for all a; in the 
support of Z. Hence P and Q are equivalent projections in SUt. Therefore, 
using the projections {(x i-» P x , w ,i)}w>i an d the fact that QP = 0, there exists 
measureable projections {(x i-» P x . w .2)}w>i such that 

(x i-» Q a ) = (x h-> Px, w ,2) 

U)>1 

and 

{{(x l-» P x ,«;,j)}«;>l}j=l,2 

is a collection of equivalent, pairwise orthogonal projections. 

Let e > 0. To construct our nilpotent operator, let D be the diagonal oper- 
ator on a separable Hilbert space % with orthonormal basis {{e. w ,j}w>i\ j,=x,2 
such that D(e w ,i) — e Wy i and D(e w ^) = 0. By Corollary 9 of |He2j there exists 
an M' G Nil(B(H)) such that \\D- M'\\ < \ + e. For each w 1 ,w 2 G N and 
3i,h € {1,2} let 

a (t«i j'i),(tfla,i2) := e w 2 J2 j e w 1 ,ji ) G C 
and let (x \-t ^(luijilfe,.^)) G COT be the partial isometry such that 
(a; H> ^4,(«;i,ii),(«)2,j2)) ^ ^i,(n)i,ii),(<i)2 1 j2)) = I- 1 ^ Px,w x ,jx) 
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and 

(X I y Vx,(w 1 ,j 1 ),(w 2 j 2 )) { x Kc,(wi,ji),(u> 2 ,ja)) = ( X ^ -Px,w 2 ,j 2 )- 

Finally let 

A'/ .— I X M> ^ ] ^ ] a («>l,jl),(u>2 j2)^ / a::(«'i,ji),(t02,i2) 

\ w 1: w 2 >i ji J2 e{i,2} 

which is a measureable and decomposable operator in 9Jt. Moreover M is also 
nilpotent as, for each a; S X, M-j is a copy of M'. Since \\D — M'\\ < ^ + e, it 
is clear that ||P - M|| < \ + e. ' □ 

Remarks 10.5. In the case of a C*-algebra 21 with a faithful trace r, Corollary 
15.41 clearly provides an additional restriction. Thus it is unlikely to for us to 
generalize the above results to type Hi factors. 

Finally, we prove that Corollary 9 of |He2] generalized to type IIoo factors. 

Theorem 10.6. Let 931 be a type 11^ factor and let P G 9Jt be a projection. 
Then 

1. dist(P, Nil(m)) = dist(P, QuasiNil(m)) = if P = 0, 

2. dist(P, Nil(m)) = dist{P,QuasiNil(m)) = 1 if I m - P is finite, and 

3. dist(P,Nil(m)) = dist{P,QuasiNil(m)) = \ otherwise. 

Proof. Clearly 1) holds. To see that 2) holds, let CDto be the ideal of 971 given in 
Remarks 17.51 and let q : 971 — > 97l/97to be the canonical quotient map. If Im — P 
is finite then q(P) = Im/m - Thus 

1 = dist(q(P),Nil(dJl/m )) < dist(P,Nil(m)) < 1 

and 

1 = dist(q(P),QuasiNil(m/Mo)) < dist(P,QuasiNil(M)) < 1. 
Finally, to see that 3) holds, we note it suffices to show that 

dist(P,Nil(m)) < - 

by Lemma 110.11 Since Igji — P is an infinite projection and 971 is a type IIoo 
factor, there exists a collection of projections {Qj}j>i such that {P} U {Qj}j>i 
is a set of mutually equivalent, orthogonal projections that sum to the identity. 
Using the partial isometries implementing the equivalence of these projections, 
a copy of B(H) can be constructed inside 971 such that P can be viewed as a rank 
one projection inside B(H). Thus Corollary 9 of lHe2 implies dist(P, Nil(DJl)) < 
dist\p,Nil{B{U))) < \ as desired. □ 
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11 Open Questions 

To finish this paper we will outline some of the remaining open and interesting 
problems related to the material illustrated above. The first and most pressing 
questions are a classification of which normal elements are the norm limits of 
nilpotent operators in type II factors. 

Question 11.1. If 21 is a C* -algebra with a faithful tracial state, can sufficient 
and necessary conditions be found for when a normal operator in 21 is a limit of 
nilpotent operators? More specifically, can this be done if 21 is a UHF algebra? 
A ill factor? 

A solution to the above question is most likely in the case 21 is a Hi factor. 
In Remarks 17.11 several restrictions were illustrated and in Remarks 17.21 it was 
seen that there might be a connection between the spectral distribution and 
this question. Theorem 17.41 determined several spectral distributions of normal 
operators in the closure of the nilpotent operators. It would be elegant if the 
conditions from Remarks 15. 101 were sufficient. 

Question 11.2. In a 11^ factor M, if N € Nor(Tt) is N e Nil(Tt) if and 
only if a(N) and a e (N) (as defined in Remarks \ 7. 5\ ) are connected and contain 
zero? 

One direction of the above question is obvious by Lemma 11.31 and significant 
progress towards the other direction was made in Proposition 17.81 Theorem 
19.91 seems to imply that the question of the closure of the nilpotent operators 
in a type IIoo factor behaves in a similar fashion to that of B(H). It was also 
discussed at the end of Section 7 how this problem is related to Coniecture l7.111 

Question 11.3. Is it true that a normal operator N in a C* -algebra 21 is the 
limit of nilpotent operators from 21 if and only if N © is a limit of nilpotent 
operators from A^2(2l) ? 

Clearly one direction of the above question is trivial. The other direction 
holds in every C*-algebra examined above. 

Question 11.4. Does there exist a C* -algebra 21 and a normal operator N G 21 
such that N e QuasiNil(%) but N £ Nil (HI)? 

Again, the above question is not answered by any examples we have exam- 
ined in this paper. Finally, as the results for type I^ and type III von Neumann 
algebras are in direct analog with those of B(H), it may be possible to answer 
the following question. 

Question 11.5. In a type 1^ or type III von Neumann algebra, when is an 
arbitrary operator a norm limit of nilpotent operators? 
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